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Current measurements of the Higgs mass indicate that the Higgs potential develops a lower energy
state than the electroweak vacuum, which implies that the quantum phenomenon known as barrier
penetration (i.e., quantum tunneling) might lead to a disastrous decay of our universe’s vacuum ([17],
[23], [41]). However, one may be relieved to know that, at least according to the currently established
Standard Model parameters, our vacuum’s lifetime seems to greatly exceed the present age of the
Universe. Therefore our vacuum is in a region of metastability; it is in a false vacuum state.

On the first part of this thesis we study the bubble nucleation and decay of a scalar field that posseses
a multi-minima potential –one such minimum being a false vacuum and another the true, absolute
vacuum state. We shall investigate both the zero-temperature (instanton) and finite-temperature
(caloron) cases, where we will see how the effects of quantum tunnelling and thermal fluctuations enter
the picture of the false vacuum decay. We present results in up to three spatial dimensions, ignoring
gravitational effects and assuming spherical symmetry. Under such symmetry assumptions (and
incorporating gravity into the picture), the system of the Einstein Field Equations (EFE’s) coupled to
matter (by which we mean a massive scalar field) can be reduced to a 1+1D system, and whence it is
fairly understood. However, progress beyond spherical symmetry assumptions has been stifled due
to the extremely high refinements required to study the stages of nucleation and evolution, which are
magnified three-fold in full 3+1 codes. It is precisely the behaviour and evolution of these asymmetric
scalar fields in the presence of a gravitational field that we are ultimately interested in studying. This
is indeed quite the daunting task, which (unfortunately) we do not get to tackle in this thesis, but
nevertheless we study and lay down the foundations of rather sophisticated 3+1 integration schemes
in Part II. In particular, we shall present state-of-the-art numerical relativity (NR) techniques that we
intend to employ in future work, once computational resources become available. It is only through
the use of these advanced methods that we will be able to study the fully asymmetric settings, which
are much less understood.
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Preface

The present thesis covers material from two seemingly unrelated topics: numerical relativity and false
vacuum decay. The former is required in order to solve the Einstein Field Equations (EFE's) of General
Relativity (GR) in the absence of signi�cant symmetries, whilst the latter provides some insight into
the technicalities of �rst-order phase transitions in the very early universe. A prominent link between
these two active areas of investigation may be established by considering the relevance of scalar �eld
models to cosmology.

As proposed in [12], seeded bubble nucleation can be studied in a laboratory cold-atom analogue
of cosmological vacuum decay [25]. Whilst, traditionally, analogue systems have mostly been em-
ployed to test ideas in perturbative quantum �eld theory, there has been recent interest in using
such analogue �table-top� experiments on nonperturbative phenomena such as bubble nucleation.
Through �modelling the universe in the lab� we hope to gain a better understanding of the process
of vacuum decay and the role of the instanton. This is particularly relevant nowadays in light of the
recent measurements of the Higgs mass, which currently indicate that our universe's vacuum is in a
region of metastability.

In semi-classical studies of the false vacuum decay, one considers the decay rate of aninstanton,
i.e., of a �eld solution to the imaginary-time classical equations of motion. Such solutions are subject
to a quantum e�fect known asbarrier penetration(orquantum tunneling), which is forbidden at the
classical level but are very much present in the quantum realm. It turns out that the nucleation and
decay of such scalar �eld solutions may just have played a signi�cant role during �rst-order phase
transitions in the early universe; thus analysing the transition fromvacuum decayto thermal decayof
these instantons is of great importance. Such transitions are associated with supercooled states and
the nucleation of bubbles. They arise in a wide range of applications, from the condensation of water
vapour to the vacuum decay of fundamental quantum �elds. In cosmology, bubbles of a new matter
phase would produce huge density variations, and (unsurprisingly) �rst-order phase transitions have
been proposed as sources of gravitational waves [19, 32] and of primordial black holes [24, 31]. In a
cosmological context, the temperature is falling as the universe expands, and at some stage the rate
for the �rst-order phase transition becomes smaller than the rate of vacuum decay. New numerical
methods developed in this thesis will allow the vacuum-thermal crossover to be studied in detail for
the �rst time, since traditional shooting methods break down in the thermal case due to the lack of
rotational symmetry of the bubble.

On the other side of the spectrum, at the purely-classical level, we have scalar �elds that obey the
(non-imaginary) classical equation of motion (i.e., the Klein Gordon equation). Such a classical �eld
solutionmay thenbecoupledwith theEFE's tostudy thescalar �eld'sbehaviourunder the in�uenceof
gravity in many cosmologically-relevant scenarios. For instance, we may be interested in investigating
the gravitational collapse of cold dark matter (CDM) candidates known asaxions(oraxion-likeparticles
(ALP's)). Two important situations that arise in such settings are the formation of galaxies from
dark matter and the collapse of black holes. The galaxy formation case can be analysed using just



x

Newtonian gravity with novel forms of scalar �eld matter (e.g., self-interacting or super�uid phonon
analogues). The black hole case, on the other hand, needs to be addressed with the full might of
Numerical Relativity (NR). Recent work on the non-rotating case [39] points the way to the new results
on the rotating case, which is the most interesting scenario since dark matter collapse inevitably
involves rotation. Part II of this thesis lays the foundation for future research work in which gravity will
be incorporated in order to study the full evolution of asymmetric scalar �elds and their applications
to cosmology.

To summarise, the main objective of our work is to use both analytical techniques and numerical
modelling based on general relativity and scalar boson models to investigate the central role that
scalar �elds play in solving the dark matter problem of cosmology. Nucleation and decay of scalar
�eld bubbles, as well as the dynamics of such �elds in the presence of non-negligible gravitational
e�fects, are two cornerstones of modern cosmology that we are interested in investigating, mostly in
the fully asymmetric setting using numerical techniques. The novel investigations presented by [16]
hints at the bridge between the two topics covered on this thesis. The paper proposes an alternative
picture of vacuum decay, in which the classical evolution (as opposed to the instanton's imaginary-
time evolution) of the �eld from some initial realization of the false vacuum �uctuations leads to the
emergence of bubbles. This method, however, has not yet been extended to the thermal decay. The
relaxation technique that we present on this thesis does apply to the thermal case, although this is in
the semi-classical, instanton picture. A numerical method that successfully tackles thermal decay in
the classical scene would be a nice extension to the work presented both in [16] and on this thesis.
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Chapter 1

Theoretical Background

Even thoughat theverybeginningof theexistenceofouruniverse thestructureofspacetimeconsisted
mostly of large scale homogeneity with only small-scale perturbative �uctuations, there is plenty of
evidence that suggests that, in occasion, non-perturbative e�fects may have also played an important
role during �rst-order phase transitions. Amongst the latter, the formation and decay of bubbles has
beenofmuch interest to thecosmologycommunityeversince thepublicationof theclassicalpapersby
Coleman & Callan ([17], [23]). The presentation of this thesis consists of a novel numerical approach to
the semiclassical treatment of the false vacuum decay studied in these original papers, with particular
interest in the intersection of zero-temperature (vacuum) and �nite nonzero-temperature (thermal)
nucleation. Both instances are described in terms of aninstanton, i.e., a scalar �eld that is a solution
of the imaginary-time classical equations of motion (in the thermal case the �eld is also usually called
acaloron). The motivation for choosing to model an instanton over a classical scalar particle satisfying
the Klein-Gordon equation (c.f., Eq.(5.49)) is made clear in Figure 1.1: a classical particle does not
penetrate a potential barrier, whilst an instanton can be used to calculate the transition probability
for a quantum mechanical particle to undergo the phenomenon commonly known astunneling, or
barrier penetration.

It is, in fact, this transition probabilitywhat we are ultimately interested incomputing. Theprobability
ofdecayper unit time per unit volume,G=V, of the false vacuum (FV), is given by

G=V = Ae� B=h̄[1 + O(h̄)], (1.1a)

whereA andBare quantities that re�ect the underlying physics. As in the rest of this thesis, we are
using geometrised units (h̄ = c = kB = 1),1so we may write (1.1a) as

G=V � Ae� B. (1.1b)

Anumerical treatmentof thecoe��cientBis the focusof thepresentwork. Analytically, it ispresented
in the original paper [23] as the total Euclidean actionSE = iS:

B = SE =
Z �

1
2

	r af 	r af + U(f )
�

dt d~x. (1.2)

Here the scalar �eldf = f (t ,~x) is the instanton, which varies in the spatial coordinates~x andimagi-
nary timet = it , and 	r af is the spatial gradientDaf plus thet -gradient (in Cartesian coordinates,
	r af = ¶t f + ¶~xf ). Meanwhile the quantityU is a multi-minima potential; for instance we may set

U(f ) =
1
2

l 2 sin2 f � cosf � 1, (1.3)

1Furthermore, in all the work presented in Part I we are ignoring gravitational e�fects, thus we are dealing with a �at
Riemannian metric.
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which exhibits afalse vacuumat f FV � p and thetrue vacuumat f TV � 0(see �gure(1.1)). The
parameterl shows a dependence on temperature in the thermal case (this shall be illustrated later
on in Chapter 2); in an early universe setting, this e�fect plays an important role in placing the �eld in
the false vacuum as the universe supercools. Moreover, we will suppose that at zero temperature the
potential barrier is still present, so in this case the temperature dependence of the potential plays
less of a role and we will takel to be constant.

Figure 1.1:In classical �eld theory, the state for whichf = f TV is the unique classi-
cal state of lowest energy, and corresponds to the unique (true) vacuum state of the
quantum theory of the �eld. As forf = f FV, however, the quantum and classical
theories di�fer in that for the latterf FV is a stable classical equilibrium state, whereas
for the quantum casef FV is rendered unstable by barrier penetration (i.e., quantum

tunneling). For this reason, in quantum theoryf FV is known as a false vacuum.

We note that, since there may be multiple �eld solutionsf f ig that satisfy the �eld equations, we
must sum the contributions toG=V of all such �elds. At non-zero temperature,

Z = Tr(e� bĤ ) =
Z

Df e� SE[f ] , (1.4)

whereTr denotes atraceover all quantum states,̂H is aHamiltonian operator, and

b �
h̄

kBT
=

1
T

(T = temperature). (1.5)

The thermal aspect of the bubble decay is represented by a periodicity imposed in thet -coordinate,
with periodb. At low temperatures, the size of the bubble is small compared tob and thermal
e�fects appear mostly through the form of the e�fective potential [37]. On the other hand, at higher
temperatures �provided the e�fective potential still has a potential barrier� the instanton solution
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