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1. Basic Definitions

¢ Analogue signal
An analogue signal s(t) is defined as a physical time-varying quantity and is usually smooth and

continuous, e.g. acoustic pressure variation when speaking.

s(t)
A

» Time t (sec)

N

e Digital signal
A digital signal on the other hand is made up of discrete symbols selected from a finite set, e.g. letters
from the alphabet or binary data. For example, the previous analogue signal s(t) can be converted into

a 4-level digital signal s’(t) as follows:

S"(:[) Analogue signal
e \4
43 L K
+1 e ’ ............................ Fhermeseseens
o . y » Time t (sec)
1Tk 1

s'(t) obtained by taking samples at regular time intervals, and then
encoding them using a set of 4 symbols < {+1, +3}
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In many systems, the digital signal is actually a binary signal in the sense that it can take only 2
values: 0 or 1. For example, the digital signal s’(t) can be converted into a binary digital s”(t) signal as

shown below.

s”(t) ”10 00 00 10 11 11 10 01 00 +3 >

A * 11

1 +1 ->
10

» Time t (sec)

Digital signal s(t)

The main advantage of digital systems over analogue systems is that they are far more resistant to
noise. In addition, digital systems allow for the use of powerful digital processing techniques such as

error correction/detection, data compression, easier data multiplexing, etc.

e Transmitter

The transmitter element in a communication system processes the message signal in order to produce
a signal most likely to pass reliably and efficiently through the channel. This usually involves
modulation of a carrier signal by the message signal, coding of the signal to help correct for
transmission errors, filtering of the message or modulated signal to limit the occupied bandwidth, and

power amplification to overcome channel losses.

e Transmission Channel
The channel is defined as the electrical medium between source and destination, e.g. cable, optical
fiber, free space, etc. Any channel is characterized by its loss/attenuation, bandwidth,

noisel/interference and distortion.

e Receiver
The receiver function in a communication system is principally to reverse the modulation processing of

the transmitter in order to recover the message signal, attempting to compensate for any signal
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degradation introduced by the channel. This will normally involve amplification, filtering, demodulation

and decoding, and, in general, is a more complex task than the transmit processing.

e General structure of acommunication scheme

Information to The information is

be transmitted - - (partially) recovered
— | Transmitter Channel Receiver | —»

A 4
\ 4
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2. Deterministic Signals

A signal is defined as any sign, gesture, token, etc. that serves to communicate information.

A signal is said to be deterministic if its future values can be predicted. Therefore, deterministic signals
do not carry information, but they are used by transmitters to carry information. An example of

deterministic signal is s(t) = A.cos(2nft + 0).

s(t)

A

VAVAVAVA

A deterministic signal s(t) is said to be periodic if s(t) = s(t + n.T), where n is an integer and T (in sec)

is the period of the signal. Periodic signals are eternal. The frequency f of the signal is given by f :Tl

e Periodic signals

(Hz). The mean value, m, of a periodic signal is

while its power, P, is given by

The total energy of a periodic signal is infinite. Periodic signals are sometimes called power signals.
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Example -

2
Show that the power of the periodic signal s(t)=A-cos(2nft+0) is given by P :A?. Note that this

power is proportional to the square of the signal amplitude. Does it make sense?

Examples of periodic signals ----

Square signal: s(t)
A
+1
>
1 -z )] ] ...
Triangular signal: s(t)
A
+1
\VARVARVARN o
-1
Saw-tooth signal: s(t)
A

AN AL/

N
N
N
AN
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e Finite-energy (or energy) signals

A deterministic signal is said to be finite-energy if it is time-limited. Pulses are a good example of such

signals. The energy, E, of a finite-energy signal s(t) is given by

E= T [s(t)] %t -

—00

Example - U

Show that the energy of a square pulse of amplitude A and duration T is given byE = A%-T. Note that
this energy is proportional to the duration of the pulse and the square of its amplitude. Does it make

sense?
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3. Time/Frequency Representations of Deterministic Signals

To understand the operation of any communication link, it is essential to have a good grounding in the
relationship between the shape of a waveform in the time domain and its corresponding spectral

content in the frequency domain.

Any signal, s(t), represented in the time domain, has an equivalent representation, S(f), in the
frequency domain. S(f) is often referred to as the spectrum of s(t). The spectrum shows the
distribution of the signal energy/power as a function of frequency.

e Spectrum of a periodic signal: Fourier series

Assume that s(t) is a periodic signal with period T. Fourier showed that such signal can be seen as an

infinite sum of sine and cosine terms:

= 27n . (27N
s(t)=ag +2- an -cos| ——t |+ by -sinf ——t ||,
() ot Z[ n [ T J*’ n ( T j

n=1!
where
L T2
-ag=—- js(t) dt is the mean value of the periodic signal,
T 1
TI2
-anzl- s(t)-cos 270 g,
T T
-T/2
T2
- by, =%- s(t) sin(mtj dt
~TI2

The term f1:% is the fundamental frequency of the periodic signal, and the quantity f, =$=n-f1

represents its (n-1)-th harmonic. It is possible to re-write the equations in a more compact way:

+00

s(t)=ag +2- > Re[cy-exp{ —j2nf,t }],
n=1
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where ¢, =

=~

TI2
: js(t)'exp{ +j2nf,t }dt.
-T/2

The complex coefficient ¢, = a, + jb, is the complex amplitude of the (n-1)-th harmonic.

The representation of a periodic signal by a Fourier series is equivalent to the resolution of the signal
into its various harmonic components. We see that a signal s(t) with period T is composed of sine
waves with frequencies 0, f;, 2f;, 3f; and so on. The frequency-domain description, i.e. the spectrum,
of the signal therefore consists of components at frequencies 0, f;, 2f;, 3f; and so on. The spectrum of

periodic signals is discrete.

If we specify the spectrum S(f), we can determine the corresponding time-domain periodic signal s(t),
and vice-versa. It is important to understand that s(t) and S(f) are two different representations of a

same signal.

It is common practice to represent only the magnitude of each component c, in the spectrum.
However, one must not forget that the terms c, in the Fourier series expansion are, generally, complex
numbers, and hence both magnitude and phase of c, are required for a complete representation of the

signal.

s ()l
A
|C1|
A |Cz|
|C3|

|C4|

| cs
|1 .,

o f, 2f 3f 4f 5f

This discrete spectrum shows the distribution of the signal energy on the frequency axis.

If the signal is transmitted through a filter, some frequency components in the spectrum will be

suppressed. This will introduce some distortion in the time-domain signal.
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Example: effect of low-pass filtering on a saw-tooth wave ------------------

Low-pass
SOISH  —p B |y Sis()
filter
In the frequency domain:

s (f)] s (f)]

A A
A Lo_w-pass A

4 filtering

Ity T

v
—

0 f 2f, 3f, 4f, 5f 0 fy 2f, 3f

In the time domain:

s(®) s'(t) To be completed

A A

+1 / / | t_>+1

v
—

7

The bandwidth of a signal is defined as the frequency band occupied by its spectrum. Depending on

their shape in the time domain, certain types of signals have a finite bandwidth

(typically, signals with

smooth variations, e.g. sine waves), while some others have an infinite bandwidth (typically, signals

with infinitely sharp variations, e.g. square waves).
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Examples of periodic signals and their Fourier series

o = 2nf; = 20/T

5 s(t)=ap+2- fi[an -cos(not)+by, - sin(not)]

n=1

Square signal:

Triangular signal:

Saw-tooth signal:

+1

s(t)

A

s(t) = 2 [cosot - Zcos3ut + = cos5ot — =cosTot + .
s 3 5 7

s(t)

A

NACACA

v
—

v
~

\VARAVARRVARR

s(t) = 8 [cosot + Lcos3et + —cosBut + —cosTot + ..
2 9 25 49

s(t)

A

"N AN S

gV

v
—
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s(t)= 2. sinot —Esiant + Esin?m)t —lsin4(ot + ...
n 2 3 4

It is worthwhile noting that the spectrum of a constant (DC) signal is composed of a single component

located at the zero frequency.
e Spectrum of a finite-energy signal: Fourier transform

The frequency content of a deterministic finite-energy signal cannot be obtained by evaluating its
Fourier series expansion because such signal is not periodic. The mechanism for obtaining the
spectrum of a finite-energy signal is to calculate the Fourier transform of its time-domain

representation as follows:

S(f)= rws(t)- e J2nft g,

—00

This equation cannot be evaluated for infinite-energy signals, such as periodic signals for example.

Unlike the spectrum obtained for periodic signals, the function S(f) is now continuous.

Example - e

Square pulse
s(t)
A

v
—

Show that S(f)=T-sinc(nfT)-e1*T.

In general, we are more particularly interested in the magnitude of the complex function S(f) since it
contains the information related to the energy distribution versus frequency. Here, the magnitude of
S(f) is given by

|S(f)|=T-| sinc(nfT)|.

11
EEE8003/8104 — Advanced Modulation & Coding — SLG



School of Electrical and Electronic Engineering @ Newcastle University

|S ()l

0 UT 2IT 3T 4/T 5/T

Strictly speaking, the bandwidth of the square pulse is infinite. This means that, if one attempts to
transmit such pulse through a practical communication system, some (high) frequency components

will be filtered out, which will result in distortion in the time-domain.

The factors affecting the bandwidth of a signal are both its duration and its shape. In particular, a
smooth, slow-varying signal will always have a small bandwidth, while a sharp, fast-varying signal will

have a larger bandwidth.

If we know the spectrum of a signal, it is possible to obtain its time-domain representation by

computing the inverse Fourier transform as follows:

EXAMPI@ =mmmmmm e e

Signal with bandwidth B

v
-

12
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Show that s(t)=2-B-sinc(2nBt).

=0

&
<«

v
—

4/2B -3)2B -2/2B -1/2B 0 1/2B  2/2B  3/2B  4/2B

The shape of this “sinc” pulse is very smooth, which explains why its bandwidth is not infinite, unlike
the square pulse studied previously. In case the sinc pulse is “spread”, i.e. made even smoother, this

will result in a smaller bandwidth B.

In signal processing, the Fourier transform is often used to evaluate the response of a linear system to
an input signal. To illustrate this, let us consider a system characterized by its impulse response h(t)
or, equivalently, its transfer function H(f). The transfer function H(f) is the Fourier transform of the

impulse response h(t).

Input signal Linear system

Output signal
x(t) or X(f) E— P J

h(t) or H(f) ' y(t) or Y(f)

The output signal is obtained by applying:

or Y(f)=H(f)- X(f).

13
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The last expression is much easier to evaluate than the previous one since it only involves a
multiplication instead of a convolution. This is why it is often preferable to deal with frequency-domain
representations rather than time-domain representations.

Example

Consider a signal s(t) and its Fourier transform S(f). Show that the Fourier transform of s(-t) is S*(f).

Example S —

Consider a signal s(t) and its Fourier transform S(f). Show that the Fourier transform of s(t-T), where T

is a constant, is S(f).exp{j2=fT}.

Example e }
Consider two signals g(t) and h(t) defined so that g(t)=h(t)*h(-t). Show that the energy of h(t) is equal
to g(0).

Example S —

~+00

Consider a signal s(t) and its Fourier transform S(f). Show that s(0) = roos(f)df and S(O):J'

—00 —0o0

s(t) dt .

14
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4. Random Variables and Signals

In communication engineering, one must often deal with random processes, i.e. time-varying random
“signals” (voice, noise...). A random process is not deterministic, meaning that it is impossible to
predict what values such “signal” will take in the future. One can just have an “idea” about its behavior.
In general, communication engineers have the knowledge of some of the statistical properties of the

random process.

Random

process X(t) . .
A Random variable X with

outcome X(t = to)

\/ V

The random process x(t), at any time t = tg, can be seen as a random variable X which has some
statistical properties, such as a mean (average value of the outcomes of X) and a variance (indicates
the variance of the outcomes of X around their average value). The outcome of this random variable X

attime t =t is equal to X(to).

If X can take an infinite number of values, X is said to be continuous. If X can only take a limited

number of values, X is said to be discrete.

e Discrete random variables

Consider a random variable X that can take m values a; with probabilities p;. We must have:

15
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If we plot the probability p; as a function of values a;, we obtain a discrete distribution (histogram, for
example).

The mean m of X, also called expectancy E{X} of X, is given by
m
m=E{X}=> ap;-

i=1

The variance o° of X is given by

Example: cast of adice -------

a; =1, P1= 1/6 Pi

— - A
%’ %=2,p,=1/6 1/6

- > az = 3, p3—1/6
s: a=4,p,=1/6
3.5:5,p5:1/6

as = 6, p6=1/6 0

v

a,

The distribution of X is uniform. Show that its mean m is equal to 3.5, and its variance o° is

approximately equal to 2.92.

e Continuous random variables
Since a continuous random variable X can take an infinite nhumber of values, we need to use a
mathematical function to specify the distribution of X. This function is called the probability density

function (PDF), Px(x), of X.

The mean m of X is then given by

16
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m=E{X} = Tx Py (x)dx ,

—0o0

while its variance o? is expressed as

—0o0

o? =E{X?} - [E{X}]* = [sz Py (x)dx} —m?.

A very important property of PDFs is:

Pr{A<x(ty)<B }:TPX(x)dx,

which implies that we must have:

TPX (x)dx =1.

—0o0

Example: uniform PDF

Show that:

(1) The amplitude A should be equal to bi;
-a

(2) The mean of the random variable X is m= aLZb ,

2
(3) The variance of X is given by &2 = (b Iza) ;

v
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(4) We can write Pr{a<x(ty)<c }=? forc <b.
-a

Example: Gaussian random variable --------

A random variable X is said to be Gaussian if it has a Gaussian PDF given by

) el 0O

2nc 20°

where m is the mean of X and 62 is its variance.

Px(X)

A

Gaussian PDF with low variance

Gaussian PDF with large variance
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18



School of Electrical and Electronic Engineering @ Newcastle University

5. Power Spectral Density and Autocorrelation Function of

Random Processes

A random process is a non-periodic infinite-energy “signal”. Hence, both its Fourier series expansion
and Fourier transform cannot be evaluated. The spectral characteristic of a random process is
obtained by computing its power spectral density (PSD), ®(f), which represents the distribution of

power with frequency.

The PSD of a given process can be used to evaluate its power P in a frequency band ranging from f;

to f, by computing the area under ®(f):

+00
The total power of the process is thus given byp,, = I(D(f)df.

—0o0

The PSD ®@(f) is actually the Fourier transform of the autocorrelation function I'(t) of the random

process x(t) defined as follows:

F(t) = ET{ X(‘c)- X(‘c-t) }

We can therefore write:

o(f) = Tr(t).e‘j2cht dt,

—00

+00
and r(t)= I(D(f)-e”z"“ df .

The autocorrelation function informs us about the degree of correlation between successive samples

of the random process.

+00
Note that P, = jcb(f)df =Tt :o):ET{[ x(t)]? } What does such result mean? And what does such

—0o0

result imply for a white random process?

19
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Example -

A white noise process n(t) is defined to have a flat PSD over the entire frequency range. This model

is, however, unrealistic since it would mean that such signal has an infinite power P.

@ (f)

A

No/2

v
—

Since we have cD(f)=N_2°, the autocorrelation function of the random process n(t) is

+o0
I(t)= No griznft g¢ _ &.5@), where §(t) is a function called the unit impulse and defined as equal
2 2

+00

to O for any t # 0 and having unit area, i.e. js(t) dt=1.

—00

This result implies that two white noise successive samples are never correlated, no matter how close
they are (unrealistic once again).

In practice, a noise process can be considered as white if its PSD is constant in the bandwidth of

interest.

n(t)

N “White” < very sharp variations

20
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As a practical noise process cannot be white strictly speaking, there is always in practice some
correlation between successive time-domain samples. For instance, if the PSD of the noise process is
flat inside a [-B, B] frequency range and equal to zero elsewhere, the autocorrelation function is given

by
I, (t)=N, -B-sinc(2nBt).

@ (f)

A

No/2

v
—

-B 0 B

In practice, the white noise is often Gaussian. However, it is important to note that white and
Gaussian are two adjectives that have nothing to do with each other. As an example, a noise process
can be Gaussian without being white, and vice-versa. For instance, if a white Gaussian noise process
is filtered, the output of the filter will be another noise process which is still Gaussian, but no longer
white.

Example -----

Assume T(t)=exp{-a-|t| }.
r(t)

v
—_

21
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2-a

Show that ®@(f)= —————.
() a2+(21'cf)2

Finally, we can also have a quick look at how a PSD is modified by a linear system characterized by

its transfer function H(f).

PSD @(f) H(f) PSD @'(f)

The output PSD is obtained by applying:

@' () = ®(F)-| H(F)[*-

22
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6. Transmission of Signhals over Wireless Channels

In telecommunications, the signal to be transmitted is generally a low-frequency signal, called the
message, which contains all frequencies from 0 to B, where B is the bandwidth. The direct wireless
transmission of such signal would require the use of a very long antenna. In fact, a basic principle of
wireless communications is that the minimum length, L., of the antenna is inversely proportional to
the signal frequency:

c
L min ~ o7’

where ¢ denotes the speed of light (¢ = 3x10® m/s) and f is the electromagnetic (EM) wave frequency.

To be able to use an antenna of reasonable length, it is therefore necessary to increase the frequency

of the message in an artificial way = Modulation Technique.

The modulation technique simply consists of mixing the message with a high-frequency sine wave

called the carrier. The resulting signal is called modulated signal.
e Time-domain representation (example of amplitude modulation)

The amplitude modulation operation consists of multiplying the message m(t) with the carrier

cos(2nfot). The expression of the modulated signal is then s(t) = m(t).cos(2xfot).

23
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e Frequency-domain representation (example of amplitude modulation)

In the frequency domain, the effect of amplitude modulation is to shift the power spectral density, i.e.

spectrum, M(f) of the message from the frequency 0 to the frequency fo.

To demonstrate this, consider a particular frequency component f; in M(f), i.e. a particular signal
cos(2nf;t) among all those constituting the message m(t). When mixed with the carrier cos(2xfot), the

component cos(2xfit) becomes:
cos(2nf t)-cos(2nfyt)= %[ cos2n(fy —f;)t |+ cos[2n(fy + )t ] |-

This result indicates that the frequency component f; is shifted to frequencies (f, - f1) and (fo + fy), but

its amplitude has been halved.

If we apply this simple calculation to all frequency components of M(f), we can easily obtain the
spectrum S(f) of the modulated signal. After modulation, the energy of the signal is thus located
around the carrier frequency f,. The spectrum is symmetrical around the carrier frequency. We remark

that the bandwidth occupied by the modulated signal is twice that occupied by the message.

Spectrum
A

<—>' fo
B “«—»
2B

In addition to making the transmission possible using an antenna of reasonable size, the modulation
operation allows for an equitable sharing of the spectrum by all users according to the international
regulations regarding bandwidth allocations (user 1: 0 — fy;, user 2: 0 — fop, user 3: 0 — fo3, user 4: 0

- f04...).

24
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7. Digital Wireless Communication Transmitters

We have represented below the generic structure of a digital wireless communication transmitter.

Base-band
signal m(t)
cos(2nfot)
M | % A Transmit l
Info bits D > A filter p X \(
(square pulses)| E > P (low-pass) + !
| M > P cos(2nfot + n/2) » PA
U : ol | |§ .
X [3f | n|iiB TV?ES?‘“ T Modulated
ii | G| (Iowl-peass) T signal (1)
: / \ Base-band
m parallel bit streams 2 parallel signal mo(t)
(m =5, here) streams of 9 Q

symbols

The sequence of information bits to be transmitted is de-multiplexed into m parallel bit streams. Let
X1k X2k ---» Xmk) denote the vector of m parallel bits at time kT, where k is an integer and T is the

duration of a symbol.

The mapping operation converts this m-bit vector (Xy , Xox, --., Xmk) INt0 @ pair of real symbols denoted
as A, and By, or equivalently a complex symbol C, = A, + jB,. The complex symbol C, can take M = 2™

different values.

At the mapping block output, we thus have two streams composed at time kT of symbols A, and By

that can be either binary or non-binary (depending on the value of m).

25
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Stream of symbols A,/By

A

+3
+1

A

Example of a possible stream
when the symbol A,/B can take 4
different values (-3, -1, +1, or +3).

» Time t (sec)

4T

5T 6T

T 8T 9T

i

To completely describe the operation of the mapping function, it is necessary to specify the possible

values of Cy as well as the one-to-one correspondence between a m-bit vector (X, Xax, ---, Xmk) @and a
M-ary complex symbol C, - Signal constellation.
Example: M =8 (m = 3) ------
011
P ‘o] 001 ‘- 01
/0101001 ™ 001’
/ %’ %0 N 120 000 010 ® \
]&0 \ 020 ® ® | .0{}0 l*l
Lo 100 110 | 011 11
i ® | o e 110
A 111 ~0l0f &
,__.1_01 . oL -
Example: M =16 (m = 4) --------
0
i@ ge g @t 3 ~oy!
e T e
1001 1 1 1101 K A o K'S
¢ ¥ ¢ '$ Poogt | op @
0Q01 0ggo | 040 0L 1530 \1@1 wrﬁ '8‘3
N 1yd
1 0Q0| 0ll0 Ol
Y Y e % ~ago] 1o~
26
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Filtering is mandatory within the transmitter to constrain the bandwidth of the signal to that dictated by
regulation or by the practical necessity to co-habit with other users on adjacent channel frequencies.
This implies, in particular, that we cannot use simple square pulses to transmit symbols A, and By
because, as previously seen, square pulses have an infinite bandwidth.

At the output of both transmit filters, the expressions of the signals are:

ZAk (t—KT),
and ZBk (t—KT).
This can be written in a more compact way as a single complex signal m(t) given by:

ZCk (t-KT),

where Cy is the M-ary symbol transmitted at time kT and h(t) is the pulse shape. The signal m(t) is said

to be base-band since its spectrum is centered on the zero frequency.

The symbol rate Ds is given by D, :% symbols/sec. However, what really matters is not the symbol

rate, but the bit rate D, given by D, =$ bits/sec.

It is interesting to determine the PSD of the base-band signal. In the context of these lecture notes, we

can use the following expression:
M(f) =K - [H(f)[,

where K is a constant and H(f) is the Fourier transform of the pulse shape h(t). This equation indicates
that the bandwidth By, of the base-band signal is equal to that of H(f).

27
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Example -

The pulse h(t) is a square function (implying that no transmit filter has actually been employed).

h(t)
A
1

y
—

0 T

Show that the PSD of m(t) is centered on the zero frequency and the bandwidth of this signal is
infinite.

Example - e

The pulse h(t) is a “sinc” function, i.e. h(t)= sinc(%t].

Y

v
—

3T 2T T T 2T 3T

Show that the PSD of m(t) is centered on the zero frequency and the bandwidth of this signal is given

by

28
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From these examples, we can see that the bandwidth By, of the base-band signal depends on the
shape of the pulse (the smoother the pulse, the smaller the bandwidth). In addition, By, is inversely
proportional to the symbol duration T.

=> The bandwidth By, is proportional to the symbol rate Ds and the data rate Dy.
Think about the fashionable term broadband.

With the kind of pulse shapes that are used in practical systems, the bandwidth By, required for the
transmission of m(t) is:

1+a
By, =——
b = o

where a is a fixed system parameter, called roll-off factor, ranging from 0 to 1. This crucial result will

be demonstrated later.

We can also write: By =

In other words, the amount of bandwidth required for transmitting the base-band signal m(t) is
proportional to the bit rate.
The equation of the modulated signal s(t) is finally given by
+00
s(t)= > A -h(t—KkT)-cos(2nfy t)+By -h(t —kT)-cos(ano t+ g) :
k=—o0
where f, designates the carrier frequency, cos(2xfqt) is the in-phase (1) carrier, and cos(2nfot + /2) is

the quadrature (Q) carrier.

This equation can be written in several different ways which are as follows:
S(t) = m|(t)- cos(anO t)+ mQ(t). COS(Z nfyt+ gj ,
s(t)=my(t)- cos(2nfy t) ~mg 1) sin(2fy 1),

s(t)=Re{m(t)- exp{j2 nf, t}},
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and s(t)= Re{ ick -h(t—KT)-exp{j2 f, t}},

where exp{j2=fot} designates the complex carrier.

As previously seen, the mixing operation shifts the spectrum of m(t) from the frequency 0 Hz to the

frequency fo. The signal s(t) is also called the band-pass signal.

PSD M(f) SN
1+ (base-band signal) (band-pass signal)
' - \ > f
fo
Bbb < >
Bbp = ZBbb

The bandwidth By, occupied by the band-pass signal is twice that occupied by the base-band signal.
With the transmit filters used in practice, the bandwidth needed for the transmission of the modulated

signal is therefore equal to By, = 2By, = M.
m

At this stage, we need to introduce an important parameter called spectral efficiency and defined as
Dy

n=——-.
Bup

The value of n (expressed in bits/sec/Hz) measures the bit rate that can be transmitted per Hz of
bandwidth. A higher value of n indicates that the transmission system can transmit a higher bit rate
while keeping the required bandwidth unchanged, which is obviously a good thing. We can easily

show that, in practice, the spectral efficiency is simply given by

m

n_1+0L.
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This equation indicates that n depends on both parameters m and a. Generally, communication
systems engineers assume that the system is designed with o = 0 (the most optimistic and unrealistic

scenario, as we will later see) and thus consider that n = m bits/sec/Hz.

We are now going to introduce three different types of digital modulation techniques that are

commonly used in practice.
e M-state amplitude shift keying (M-ASK) modulation

For such modulation schemes, the symbol Cy is a real symbol that can take M possible values: C, = A,

e {#1, £3, 15, ...}. Therefore, we can write:

S(t)= 3 Ay -h(t—KT)-cosf2rfy 1},

which corresponds to a classical amplitude modulation for which the message is a digital base-band

signal.

Constellation of 2-ASK:

n = 1 bit/sec/Hz

® ® P Ax
0

=

Constellation of 4-ASK (with Gray mapping):
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n = 2 bits/sec/Hz

Constellation of 8-ASK (with Gray mapping):

n = 3 bits/sec/Hz

—0—0—00—0—0—0 >/
011 010 00O 001 [101 100 110 111

e M-state phase shift keying (M-PSK) modulation

For such modulation schemes, the complex symbol Cy has a constant modulus, i.e. Cy = exp{j®y} with

Oy € {0, 2a/M, 47/M, 67/M, ..., 2(M-1)7/M}. Therefore, we can write:

“+00
or, equivalently, s(t)= > h(t—KT)-cos(2nfy t+dy),
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which corresponds to a classical phase modulation for which the phase of the carrier can only take

discrete values.

Constellation of 2-PSK:

n = 1 bit/sec/Hz

2-PSK is also known as binary PSK (BPSK). It is identical to 2-ASK.

Constellation of 4-PSK (with Gray mapping):

n = 2 bits/sec/Hz

00

4-PSK is also known as quaternary PSK (QPSK).

A
11
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Constellation of 8-PSK (with Gray mapping):

Bk
n = 3 bits/sec/Hz
010
000 @ @ 011
. o>
001" 111
101 110

e M-state quadrature amplitude modulation (M-QAM)

For such modulation schemes, the symbol C, = A, +jBi is a complex symbol that can take M possible

values, with A, and By € {£1, £3, £5, ...}.

Constellation of 4-QAM (with Gray mapping):

Bk
? n = 2 bits/sec/Hz
01 11
[ [
> A
00 10
[ [

4-QAM is identical to QPSK.
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Constellation of 16-QAM (with Gray mapping):

By
[ o ® o n = 4 bits/sec/Hz
1011 1010 1110 1111
@ @ ® @
1001 1000 | 1100 1101
>
@ ® o )
0001 0000 | 0100 0101
@ @ ® [
0011 0010 | 0110 0111
Constellation of 64-QAM (with Gray mapping):
B n = 6 bits/sec/Hz
A
101111 101010 111011 111110
® ® ® ® ® o o o
101110 101011 111010 111111
101101 101000 111001 111100
® ® ® ® ® o o o
101100 101001 111000 111101
100101 100000 110001 110100
® ® ® ® ® o o o
100100 100001 110000 110101
100111 100010 110011 110110
® ® ® ® ® [ [ [
100110 100011 110010 110111 A
O00TTT U000T0 TOUTT UTOTIO » A
® ® ® ® ® [ [ [
000110 000011 010010 010111
000101 000000 010001 010100
® ® ® ® ® [ [ [
000100 000001 010000 010101
001101 001000 011001 011100
® ® ® ® ® ® ® ®
001100 001001 011000 011101
001111 001010 11011 011110
® ® ® ® ® ® ® ®
001110 001011 011010 011111
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The power of the modulated signal needs to be amplified so as to generate an EM wave that has
sufficient power to reach the receiver. Ideally, the RF power amplifier should be as linear as possible
in order to introduce no significant distortion on the RF signal.

On the other hand, in portable devices operating from batteries (cellular phone handsets for example),
the amount a power wasted as heat in the RF amplifier should be minimized. In other words, the RF
amplifier should have a power-efficiency close to 100%, meaning that most of the power drawn from
the battery should be delivered to the load. Unfortunately, the most power-efficient amplifiers tend to

be highly non-linear.

Typical amplifier
Amplitude of the gain response
output signal Vo

A

Linear response = no
- distortion is introduced

. Non-linear response =
Ja—— distortion of the signal

Amplitude of the
> input signal Vi,

Finally, the amplifier output is connected to the antenna whose task is to radiate the RF signal as EM

waves into free space.
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8. Digital Wireless Communication Receivers

We have represented below the generic structure of a digital wireless communication receiver.

Base-band
signal m’(t)
cos(2nfot)
l Matched A D
filter Pl E _
p X > (low- — C > M Received
ass , I > bits
PA cos(2nfot + n/2) pass) Sampling | & o Y |—»
Matched | attime pT | R X
Received o] x o filter o O >
signal r(t) (low- B | N
pass) P
Base-band T
signal m’o(t) ~ m parallel bit streams
(m =5, here)

The received signal must be amplified since the power received by the antenna is usually quite low. A
significant amount of noise is added to the received signal at this stage. This noise originates from the

movement of electrons inside the connections and components of the RF power amplifier.

Such noise is modeled as “additive white Gaussian noise” (AWGN). Its temporal and spectral
characteristics were explained earlier. The noise power strongly affects the performance of the system

in terms of error probability at the receiver output.

In radio channels, the AWGN is not the only disturbance that affects the transmitted signal s(t). In fact,
many wireless channels are subject to interference that is even more detrimental to communications
integrity than the AWGN:

(1) Interference among different users - Multi-user interference, co-channel interference.

(2) Interference among several (randomly-attenuated and randomly-delayed) versions of the same

signal - Fading channels.
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(3) Interference among successive symbols carried by the same signal - Inter-symbol interference.

Throughout this chapter, we will assume that the channel is an AWGN channel, i.e. the received signal
r(t) is given by

where s(t) is the transmitted band-pass signal and n(t) is a zero-mean Gaussian random process with

constant power spectral density (PSD), i.e. @, (f)= N—2° for all frequency values.

We are first going to focus on the in-phase component of the receiver, knowing that the equations for

the quadrature component can be obtained in a similar manner.

To obtain the base-band signal m’\(t), which is an estimate of the transmitted base-band signal m(t),
one has first to demodulate the received signal r(t). Demodulation is performed by mixing r(t) with a

locally-generated carrier signal cos(2mrfot).

The expression of the received signal can be written as follows:

(0)= 3 A, -ht—KT)-cos(2nt, ) By -h(t—KT)-sin@nfyt) + nlt).

k=—00

The signal at the mixer output is then expressed as:

r(t)-cos(2nfyt) ZAk —KkT)-cos?(2nfyt)—By -h(t—KT)-sin(2nfy t)-cos2nfyt) + n'(t).

We know that

cos®(2nfyt)= % [1+cos(4nfyt)],

and cos(2nfyt)-sin(2nf, t):%-sin(4rcf0 t).

Therefore, we can write
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((0)-cos2nto )= 3" A ntkT)s S Al ht—kT)-cos(dnty t)-

By
2

k

-h(t—KT)-sin(4nfyt) + n'(t).

T

We need to find the characteristics of the noise n’(t) = n(t).cos(2=fot) present at the mixer output.
We recall that n(t) is white and Gaussian with a mean equal to 0. Therefore, n’(t) is also Gaussian with
mean

m=E{n'(t) }=E{n(t) }-E{ cos(2rfyt) } = 0.

The autocorrelation function of this noise process n’(t) is computed as follows:

I (t)=E{n'(c)-n(z—t) } =E.{n(t)-n(c —t) }-E,{ cos(2nfy t)-cos(2nfy [t —t]) }

=> r,(t) = %Tn(t) [E.{ cos2ntyt) }+E.{ cos(2nty [2c 1] ] = %-Fn(t)-cos(ano t)
= I(t) = % .3(t)

This result simply means that n’(t) is also a white random process.

The signal at the mixer output goes through a low-pass filter with an impulse response q(t) and a

transfer function Q(f). At the filter output, we obtain the base-band signal m’((t) given by
: <« Ax :
mi(t)= > T-h(t-KT)xat) + n'()=q(t).

Let us focus on the first term in this expression. It can easily be shown that the Fourier transform of the
term h(t—KT)=q(t) is

H(f)- exp{—j2nfk T }-Q(f) = H(f)- Q(f)- exp{— j2nfk T } = G(f)- exp{— j2nfk T }.
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The result is actually the Fourier transform of a term g(t—KkT), with g(t)=h(t)=q(t).

We then obtain: my (t) = %
K

gt=KT) + n'(@)=*qt).

o

In order to maximize the signal-to-noise ratio (SNR) at each time pT, p being an integer, we could

show that the impulse response q(t) is actually matched to the pulse shape. In other words, the
impulse response q(t) is chosen so that q(t) = h(-t). The use of a matched filter at the receiver side

guarantees optimal error performance at the receiver output.

We can thus write:

with g(t)=h(t)=h(-t) and n"(t)=n'(t) xh(-t).

Let us determine the characteristics of the noise n”(t) present at the filter output. First, it is clear that
the noise process n”(t) is not white because of the low-pass filtering. However, n”(t) is Gaussian with
zero-mean since linear filtering of a zero-mean Gaussian process produces another zero-mean

Gaussian process.

We need to evaluate the variance of n”(t). It can be done as follows:

o {0 |- 1 0)= [0, () = [0, )17 o

Since q(t) = h(-t), we have Q(f) =H*(f), and thus |Q(f)|2 = |H(f)|2. Hence, we can write:

2_No f 2
c :T-I|H(f)| df .

—00

Since g(t)=h(t)*h(-t), we can also write
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G(f) = H()-H ()= H(F) .
which finally yields: o2 =No. TG(f) df = No., g(0).
4 o 4

The base-band signal m’,(t) is sampled every pT to obtain an estimate A,’ of the symbol A, that was

transmitted at time pT. At time pT, we have:

1 ! < Ak
m|(pT):Ap:Z7-g((p—k)T) + N,
k=—o0
Ap =t T g1) 1 220 g0) 4 B g 1)k

where N, is a Gaussian noise sample with a mean equal to 0 and a variance given by o = &-g(o).
P 4

This equation indicates that a sample Ay’ may depend not only on the symbol A, but also on the other
symbols A, k = p, in the sequence. When it happens, we say that there is inter-symbol interference
(IS1). The presence of ISI usually leads to very severe, and probably unacceptable, degradation of the

error performance at the receiver output.

In practice, ISI must thus be avoided at any cost. If ISI cannot be avoided (such as in the case of
frequency-selective fading channels), then it has to be cancelled at the receiver side using techniques

such as equalization or orthogonal-frequency division-multiplexing (OFDM) modulation.

Here, in the simple case of an AWGN channel, if g(t) is chosen so that g((p—k)T)=0 for any p = k,

then ISl is suppressed, and we obtain:

LA
A, =—2.g(0)+N

p= 90N,
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which only depends on symbol A,. The previous condition is termed Nyquist criterion. The filters g(t),
defined so that g((p—k)T)=0 for any p = k, constitute a family of filters called raised-cosine filters. In

other words, raised-cosine filters satisfy the Nyquist criterion, and therefore guarantee ISI-free
transmission (in the case of the simple AWGN channel).

The impulse response of raised cosine filters is in the form:

ot
1 nt COS{TJ
t)==-sinc| — || ———=,
T2

where the parameter o ranges from 0 to 1, and is termed “roll-off factor”. This is the system parameter
that was introduced earlier. In the frequency-domain, such impulse response corresponds to the

following transfer function:

1 for fela

2T
G(f)= L l1ticod ®T(f 1= I
2 o 2T 2T 2T

0 for  fsit®

2T

This equation shows that the bandwidth of a raised cosine filter is equal to 1;—: and thus ranges from

% (when o = 0) to % (when a = 1). We can easily demonstrate that the bandwidth of this raised
cosine filter is actually the bandwidth B, necessary to transmit the base-band signal m(t). To do so,
we just have to remember that G(f) =| H(f)|*, i.e. G(f):%-M(f), where M(f) is the PSD of the base-
band signal. Since the constant K does not affect the bandwidth, we conclude that the bandwidth B,

of M(f) is equal to the bandwidth of G(f), i.e. By, = o

2T
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¢

1
-UT - 1/2T 0 1/2T T

v
-

The case “a = 0” is optimal in terms of bandwidth but not realistic (brick-wall filters are not realistic).

The case “a = 1”7 is the most realistic configuration, but it requires the largest bandwidth.

We conclude that ISI-free transmission requires a bandwidth of, at least, 1 for base-band signals

and % for modulated signals.

With such filters, the expression of the sample A, is

A

Ap = 7pg(0)+Np
If we normalize for simplicity sake, we obtain:
Ay =A,+N,,

where N, is now a Gaussian noise sample with zero mean and a variance given by

In a similar way, we could show that the sample B’ is expressed as
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B, =B, +N,,

where N, is a Gaussian noise sample with zero-mean and variance o2 :%. Note that the noise
9

samples N, and N, are independent.

The next task simply consists of taking a decision regarding the value the complex symbol C,

transmitted at time pT. To this end, a decision block uses the available sample C'p :A'p+jB'p and

compares it with some thresholds, as illustrated by the example below (8-PSK constellation).

The closest symbol to C,’ is exp{jn/4}
N => We decide: C,” = exp{jn/4}

Such process, although optimal in terms of symbol detection, sometimes fails to properly detect the
value of the transmitted symbol, especially when the noise samples N, and N, have a large

magnitude compared to that of the transmitted symbols A, and B,.

This simply means that transmission errors occur from time to time. This means that it is now time to

introduce the concept of error probability in a digital communication system.
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9. Error Probability at the Receiver Output for Digital Modulations
in AWGN Channels

Let us recall that, over an AWGN channel, the samples available at the decision block input are given
by
Ap =A,+Ny,

and B, =Bp +N,,

where N, and N, are independent Gaussian noise samples with zero mean and variance ¢? = %.
g

The reliability of these samples depends on the average magnitude of the noise samples, which is
measured by their variance, with respect to the average magnitude of the transmitted symbols A, and
B,. Hence, the reliability of samples A, and By’ ultimately depends of the signal-to-noise ratio (SNR)
over the channel.

The error performance of a digital communications scheme can be assessed by evaluating (via
calculations or computer simulations) the symbol error probability and/or the bit error probability at

the receiver output.

Let us first focus our attention on the symbol error probability, Ps, defined as the probability that the

decision block chooses the wrong symbol, i.e. Pes = Pr{C,” = C}.
e Expression of the symbol error probability for any modulation scheme

Let us drop the time index p (since the time is not relevant throughout the following calculation) and

replace it with an index i which indicates a particular symbol in the constellation.
We start by noticing that

P, =Pr{C,is transmittedand C, is not detected OR C, is transmitted and C, is not detected OR ...}.
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As the M events “C; is transmitted and C; is not detected”, i € {1, 2, ..., M}, are mutually exclusive, the

ORs can be written as a sum of probabilities:

M
Pes = Y Pr{Cis transmitte d and C; is not detected }.
i1

At this stage, we are going to use the following assumption which is valid at all SNRs of practical
interest: when taking an erroneous decision, the decision block always chooses a symbol that is a
nearest neighbor to the symbol actually transmitted.

B
t Cs If the decision C” = C, is
Co P e O wrong, then it can only mean
o “@ | that C was equal to either C;
Cs . L
iC
Ce . . Cs

With such assumption, we can write:

Pr { Cijistransmittedand C;, is detected OR C;is transmitted and C;, is detected OR... }

g0
[
M=

D
iR

where Cj; is the j-th nearest neighbor of C;.

Since we have once again to consider the OR of events that are mutually exclusive, the previous

expression can be written as a sum of probabilities:

M
Pes = Z ZPr { C;is transmitted and C; is detected }
i=1 CjeS;
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where S; is the set containing all nearest neighbor symbols of C;. Using Bayes’ rule, we obtain:

Q

M
Pos Z zPr{Ci —C; }-Pr{Ci is transmitte d }
i=1 CjeS;

where Pr{Ci—>Cj } denotes the probability to detect C; given that C; was transmitted. Since all

symbols are transmitted with equal probabilities, i.e. Pr{ C, is transmitted }= % we have:

We are now going to find an expression for the term Pr { Ci —C; }

“Cj area”

Ci=A+IiB

“C; area” ®

Ci=A+]B

To simplify the calculations, we can assume without any loss of generality that A; = B; = 0.
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The Euclidean distance between C; and C; is given by d, = ,/Aj2 +Bj2 .

Note that d is actually the minimum distance between symbols in the constellation since C; and C; are

two nearest neighbor symbols.

The equation of the boundary line between the “C; area” and the “C; area” is given by

. 2
y= {ﬁ} X +dT<;. (Never forget your high school mathematics)
j j

It is therefore easy to see that

A, 2
Pr{c —>C |=priB>- L Aol
B, 28,

where C’' = A’ + jB’ is the sample used by the decision block. Since the transmitted symbol was C =0

+ jO, we can see that: C' = N + jN’, where N and N’ are two independent Gaussian noise samples with

zero-mean and variance o =N,.T. Thus, we have:
A. 2 2

Pr{Ci>C; j=PriN+ =L N> ol _p s do
B, 2B, 2B,

. A . . . .
The noise sample N''= N'J{B—‘J.N is also a Gaussian sample with a mean given by
i

and a variance equal to

E{ (NF }= E{(N')2 }+ {%T E{N2 }+ 2. (g} E{N'}.E{N}
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2 2 2 5
G[ﬁ} P2, 1{&} _No 1+[ﬁ] N5
B Bj) | 90)|" |Bj) | g0)B]

At this stage, we need to exploit our knowledge about the Gaussian noise sample N”. Its probability
density function (PDF) is given by

Biy/g(0 B?g(0)
Py ()= =% exp{- == -x?}.
N ( ) dO“'ZTENO p{ 2Nodg

By applying a basic property of PDFs which says that

Pr{a<N'<b }:_TPN..(X)dx,

a

+00 2
it can be easily shown that Pr{c - C, b= Bivao) J' expl_ 2l 9(02).X2 dx -
doﬂZTCNO dé 2N0d0

ZB]'

By introducing the well-known complementary error function:

erfc(x) =

e 2
-Ie‘“ du,
X

SIS

| , we finally obtain the expression:

A table giving the value of erfc(x) as a function of x is shown in the next page.
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Complementary Error Function Table
X erfc(x) X erfc(x) X erfc(x) X erfc(x) | x erfc(x) X erfc(x) X erfc(x)

0 1.000000f 05| 0479500 1] 0157299 1.5 0033895 2| 0004678 25| 0000407 3| 0.00002209
0.01| 0988717 051| 0470756 1.01| 0.153190| 1.51| 0.032723| 2.01| 0004475 251 0000386 3.01| 000002074
0.02| 0977435 052| 0462101 1.02| 0149162 1.52| 0031587 2.02| 0004281 252 0000365 3.02| 000001947
0.03| 0966159 053] 0453536 1.03| 0145216 1.53| 0.030484| 2.03| 0004094| 253 0000346 3.03| 000001827
0.04| 0954889 054 0445061 1.04| 0141350| 1.54| 0029414 2.04| 0003914| 254 0000328 3.04| 000001714
0.05| 0943628 055| 0436677 1.05| 0137564 155 0028377| 205 0003742| 255 0000311 3.05 000001608
0.06| 0932378 056| 0428384 1.06| 0133856 1.56| 0.027372| 2.06| 0003577 256 0000294 3.06| 000001508
0.07| 0921142 057| 0420184 1.07| 0130227| 1.57| 0026397 2.07| 0003418| 257 0000278 3.07| 000001414
0.08| 0909922 058 0412077 1.08| 0126674| 158 0025453 2.08| 0003266| 258 0000264 3.08| 000001326
0.09| 0898719 059| 0404064 1.09| 0123197| 1.59| 0024538 2.09| 0003120| 259 0000249 3.09| 000001243

0.1| 0887537 06| 0396144 1.1 0119795 16| 0023652 21| 0002979 26| 0000236| 31| 0.00001165
011 0876377 061 0388319 1.11| 0116467 1.61| 0022793 2.11| 0002845 261 0000223 3.11| 000001092
0.12| 0865242 062 0380589 1.12| 0.113212| 1.62| 0021962 2.12| 0002716| 262 0000211 3.12| 000001023
0.13| 0854133 063| 0372954 1.13| 0.110029| 1.63| 0021157 2.13| 0002593| 263 0000200 3.13| 0.00000958
0.14| 0843053 064| 0365414 1.14| 0106918| 1.64| 0020378 2.14| 0002475 264 0000189 3.14| 000000897
015 0832004| 065| 0357971 1.15| 0.103876| 1.65| 0019624 215 0002361 265 0000178 3.15| 000000840
0.16| 0820988 066 0350623 1.16| 0.100904| 1.66| 0018895 2.16| 0002253| 266 0000169 3.16| 0.00000786
0.17| 0810008 067 0343372 1.17| 0098000| 1.67| 0018190 2.17| 0002149| 267 0000159 3.17| 0.00000736
0.18| 0799064| 068| 0336218 1.18| 0095163| 1.68| 0017507 2.18| 0002049| 2658| 0000151 3.18| 0.00000689
0.19| 0788160 069 0329160 1.19| 0092392 1.69| 0016847 2.19| 0001954 269 0000142 3.19| 000000644

02| 0777297 07| 0322199 12| 0.089686| 1.7 00162101 22| 0001863 27| 0000134| 32| 000000603
0.21| 0766478 0.71] 0315335 1.21| 0087045| 1.71| 0015593 221| 0001776| 271 0000127 3.21| 0.00000564
022 0755704 0.72| 0308567 1.22| 0084466| 1.72| 0014997 222| 0001692| 272 0000120 3.22| 000000527
023 0744977 073| 0301896 1.23| 0081950 1.73| 0014422 223| 0001612 273| 0000113| 3.23| 000000493
024 07343001 074 0295322 1.24| 0079495 1.74| 0013865 224| 0001536| 274 0000107 3.24| 000000460
025 0723674 075| 0288845 1.25| 0077100| 1.75| 0013328 225 0001463| 275 0000101 3.25| 000000430
0.26| 0713100 0.76| 0282463 1.26| 0074764| 1.76| 0.012810| 2.26| 0001393| 276 0000095 3.26| 0.00000402
027 0702582 0.77| 0276179 1.27| 0072486| 1.77| 0012309 227| 0001326| 277 0000090 3.27| 0.00000376
028 0692120 0.78| 0269990| 1.28| 0070266| 1.78| 0011826| 228 0001262| 278| 0000084| 3.28| 0.00000351
029 0681717 079 0263897 129 0068101 1.79) 0011359 229| 0001201, 279| 0000080| 329| 000000328

03| 0671373 08| 0257899 13| 0065992 18| 0010909 23| 0001143 28| 0000075 33| 000000306
031 0661002 081 0251997 131 0063937 181 0010475 231| 0001088, 281| 0000071| 331| 000000285
032 0650874 082 0246189| 132| 0061935 1.82| 0010057 232| 0001034| 282| 0000067 332| 000000266
0.33| 0640721| 0.83| 0240476| 1.33| 0.059985| 1.83| 0.009653| 2.33| 0000984| 283| 0000063 3.33| 0.00000249
0.34| 0630635 0.84| 0234857| 1.34| 0.058086| 1.84| 0.009264| 2.34| 0000935 284| 0000059 3.34| 000000232
0.35| 0620618 0.85| 0229332| 1.35| 0.056238| 1.85| 0.008889| 235/ 0000889, 285| 0000056 3.35| 0.00000216
0.36| 0610670 0.86| 0223900| 1.36| 0.054439| 1.86| 0.008528| 2.36| 0000845 286| 0000052 3.36| 0.00000202
0.37| 0600794| 0.87| 0218580| 1.37| 0.052688| 1.87| 0.008179| 2.37| 0000803\ 287| 0000049 3.37| 000000188
0.38| 0590991| 0.88| 0213313| 1.38| 0.050984| 1.88| 0.007844| 2.38| 0000763| 288| 0000046 3.38| 0.00000175
0.39| 0581261 0.89| 0208157| 1.39| 0049327 1.89| 0.007521| 2.39| 0000725, 289| 0000044 3.39| 000000163

04| 0571608 09| 0203092 14 0.047715 1.9| 0.007210( 24| 00006889 29| 0.000041 3.4| 0.00000152
0.41| 0562031 091 0198117 1.41| 0046148 1.91| 0.006910( 2.41| 0000654| 291| 0000039| 3.41| 000000142
0.42| 0552532 092 0193232| 1.42| 0.044624| 1.92| 0006622 242| 0000621 292| 0000036 3.42| 000000132
0.43| 0543113 0.93| 0.188437| 1.43| 0.043143| 1.93| 0.006344| 243| 0000589| 293| 0000034 3.43| 000000123
0.44| 0533775 0.94| 0183729| 1.44| 0041703 1.94| 0.006077| 244| 0000559 294| 0000032| 3.44| 000000115
0.45| 0524518 095 0.179109| 1.45| 0040305 1.95| 0.005821| 245/ 0000531| 295| 0000030 3.45| 000000107
0.46| 0515345| 0.96| 0.174576| 1.46| 0.038946| 1.96| 0.005574| 246| 0000503| 296| 0000028 3.46| 0.00000099
0.47| 0506255 097 0170130| 1.47| 0037627 1.97| 0.005336| 247| 0000477, 297| 0000027| 3.47| 000000092
0.48| 0497250 0.98| 0.165769| 148 0.036346| 1.98| 0.005108| 248| 0000453| 298| 0000025| 3.48| 0.00000086
049 0488332 0.99| 0161492] 149 0035102] 1.99] 0.004889| 249 0000429| 299| 0000024| 3.49| 000000080
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The symbol error probability can then be approximated as

1 X d2g(0
Pes zm Z erf{ ( )}
CjES, O

i=1

2
Remarkably, the term erfc[ dgL(O)J does not depend on the actual values of symbols C; and C;, but
0

2
on the Euclidean distance between these symbols. For all symbols C; € S;, the terms erf({ do%(o)]
0

are identical since all these symbols are at the same distance d, from C;.

Therefore, we can write:

. zﬁ'ie”{ dgﬁl(o)chs Zerf{/ ()j |

where N; is the number of nearest neighbor symbols of C;.

This expression can be further simplified as follows:

2
Pes zﬁ-erfc[ d;g(o)]
0

N 2
we finally obtain: P, ~ g_erf{ dog(o)}
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Such expression is not very informative since it does not tell us much about the way the error

probability can be increased or decreased.

We would like to introduce in this equation the average energy, Es, per transmitted signal. This energy
is computed as the average energy of the pulse that carries a constellation symbol at the transmitter

output:

= =I§{ T[ A-h(t)-cos(2nfyt)-B-h(t)-sin(2rf,t) ]* dt }

—00

where the notation E{. } denotes the expected value of “.” over all possible constellation symbols C =
C

A +|B.

A few calculations lead to E = E{ I [ %.[h(t)]z +%.[h(t)]2 } dt } and finally to
C

Es =%.T[ h(t) ]2 dt-Ié{A2+Bz }:%I[ h(t) ]? dt-Ié{|C|2 }

—0

+00
The term I[ h(t) ]2 dt, which is simply the energy of the finite-energy signal (pulse) used to carry the

—00

transmitted symbols, is equal to g(0) since g(t) = h(t)*h(-t).

The term y = E{A2 +B? }=E{| C| 2 } only depends on the shape of the signal constellation. It can be
C C

easily computed for any constellation.

Finally, we obtain E :%.g(o), which yields:

N 2
Peszﬂ‘erf 9% Es .
2 4y Ny
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The ratio Es¢/No, where Es is the average energy per transmitted symbol and N, refers to the PSD of

the white Gaussian noise process, designates the SNR per transmitted symbol.

In practice, most engineers prefer using another definition of the SNR in which E; is replaced by E,,
where Ey is the average energy per transmitted bit. Since each symbol carries m bits, we have Es = m.

N 2
Peszﬂ.erf m_doﬁ ,
2 4'Y NO

where Ep/N, designates the SNR per transmitted bit.

Ep. Finally, we can write

We can now use this generic expression to determine the expression of P for the modulation

schemes introduced earlier.

¢ M-state amplitude shift keying (M-ASK) modulation

2
Z(M_l), and y=M3_1. We can thus

For such modulation schemes, we always have d=4, N=

write:

=> P z%.erfc[ }%j for 2-ASK.
0

Note that, in this particular case, this expression does not only provide an approximation, but the exact

value of the symbol error probability.

=> |Z>eS ~ % . erf{ %%] for 4-ASK.
0
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=>p, z%.erf({ %%J for 8-ASK.
0

¢ M-state phase shift keying (M-PSK) modulation

For such modulation schemes with M > 2, we always have dZ = 4-sin2(ﬁj, N=2,and y=1. We can

P ~ erf m'sinz(lj-ﬁ-
M) N,

Note that, in the case M = 2, we have N =1 instead of N=2.

= p_ ~ l.erfc[ /EJ for 2-PSK (BPSK).
2 No

This is identical to the result obtained for 2-ASK (it was expected). Once again, note that, in this case,

thus write:

this expression does not only provide an approximation, but the exact value of the symbol error

probability.

=> P ~ erf({ /%} for 4-PSK (QPSK).
0

=> Pes ~ erf{ 3. Sinz[g) . E—bJ for 8-PSK.
0

e M-state quadrature amplitude modulation (M-QAM)

For such modulation schemes, we always have dg =4, N=4. \/?__1, and y= 2(M3_1). We can thus
M
write:
IM-1 3m E,
Pes = 2 -erf .
N Y 2(M-1) N,
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=> Py ~ erfc{ /5} for 4-QAM.
No

This is identical to the result obtained for QPSK (it was expected).

=> Pes zg.erf({ %%J for 16-QAM
0

=> P z%.erf({ %%j for 64-QAM.
0

e Expression of the bit error probability for any modulation scheme
In practice, engineers may be more interested in the bit error probability, Pe,, at the receiver output
rather than the symbol error probability. After all, the original goal is to transmit bits as reliably as
possible.
It is very simple to obtain an expression for P, starting from:
P., =Pr{ abit is detected erroneously |.

Using a small “trick” of probability theory, we can also write:

Py =Pr { a symbol is detected erroneously and a bit is detected erroneously } ,

which is, according to Bayes’ rule, equivalent to

Py =Pr { abit is detected erroneously| symbol is detected erroneously } Pos -

If the association between bits and symbols is done using Gray mapping, we can write:
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Finally, we obtain the final expression of P, versus Ey/Ny for all modulation schemes considered
throughout these notes:

=>p, —/ zl.em{ /EJ for BPSK and QPSK.
2 No

So, my advice is to use QPSK instead of BPSK as you double the spectral efficiency at no cost in

terms of error performance.

=>p, ~>.erfd |2.5b | for 4-ASK and 16-QAM.
® "8 5 N,

So, my advice is to use 16-QAM instead of 4-ASK for the same reason as above.

=> P ~ % . erfc[ % %J for 8-ASK and 64-QAM.
0

So, my advice is to use 64-QAM instead of 8-ASK for the same reason as above.

=> Pes ~ % . erfc( 3. Sinz(gj . %} for 8-PSK.
0

At high SNR, the parameter governing the error performance of a modulation scheme is the argument

of the function erfc(). Those among you who took the module EEE2004 (Information Theory &

Coding) know it very well.

Therefore, QPSK is 10.l0g1¢(2.5) ~ 3.98 dB more power-efficient (but twice less spectral efficient) than
16-QAM. In addition, QPSK is 10.l0g1(7) ~ 8.45 dB more power-efficient (but three times less spectral

56
EEE8003/8104 — Advanced Modulation & Coding — SLG



School of Electrical and Electronic Engineering @ Newcastle University

efficient) than 64-QAM. As for 8-PSK, it is approximately 3.57 dB less power-efficient (but one and a
half times more spectral efficient) than QPSK.

Conclusion: there is a trade-off between spectral efficiency and error performance (those who have
heard about Claude E. Shannon and his celebrated theorems will not be surprised).

1E+00 ¢ ‘

T
TTTT

1.E-01

=
I S\\

8 1E02 | \ S
z ? \
D o] \ \
S 1E03 | N
a E \ \
o
°
= D
w
5 1E04 | \ }_f
F | —&—BPSK, QPSK
[ |- 4-ASK, 16-QAM
LE-05 | |-©—8-ASK, 64-QAM
r |-5-8-PsK \& \
1E-06
0 2 4 6 8 10 12 14 16

Ey/No (dB)

Using QAM modulations, the SNR increase necessary for incrementing the spectral efficiency by 2

bits/sec/Hz without degrading the error probability is 10- Ioglo[—‘:\'/\l/I _11- m 2} dB.
-1 m+

QPSK - 16-QAM: ~ 3.98 dB,
16-QAM > 64-QAM: ~ 4.47 dB,
64-QAM > 256-QAM: ~ 4.82 dB,
256-QAM > 1024-QAM: ~ 5.06 dB.
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For a given spectral efficiency, M-QAM is -10-|oglOE (M—l)'sinz(%ﬂ dB more power-efficient than M-

PSK:

4-QAM Vs. 4-PSK: 0 dB (are you surprised?),
16-QAM Vs. 16-PSK: ~ 4.20 dB,

64-QAM Vs. 64-PSK: ~ 9.95 dB.

Therefore, my advice is to always use M-QAM rather than M-PSK, unless you have no choice

(presence of a non-linear power amplifier).

Example - e

Consider the 3-bit/s/Hz constellation and mapping depicted below. The signal points are positioned
symmetrically around the constellation centre in a way that the Euclidean distance between any two
neighbors is equal to a constant d, representing the minimal distance between signal points in the

constellation.

By By
A A
+111
®
dogin d
011 | 101 | 0,/”\. °
or ® [ ® 110 Gon® 42Oy
. . > Ak ............... .\ dO UI/. ............... > Ak
G
o | o h” @ «>@* d
000 | 100 /4
+ do do
010 .

Is the mapping shown above a Gray mapping?

3+\/§

Show that, for such constellation, we have N=3 and y=d2 , thus leading to

4
3 3 E
P.. ~—-erf .—b .
=2 ({34-\/5 No]
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Also show that this constellation outperforms 8-PSK by 1.6 dB at high SNR.

Example ----—-----—---m -

Consider the 5-bit/s/Hz constellation depicted below. For such constellation, called cross 32-QAM, the
complex symbol Cy = A¢ + B¢ can take 32 possible values, i.e. A and By € {#1, +3, +5} without

allowing for the four particular symbols Cy = £5 £ j5 to be generated.

B
A

Can we find a Gray mapping for this constellation?

Show that we have N:% and y =5dj, thus leading to P, z%~erfc[ /%%J
0

Compare the asymptotic error performance of cross 32-QAM with those of 16—QAM and 64-QAM.
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10. Assessing the Error Performance of Uncoded or Coded

Digital Modulations using Computer Simulations

In the previous chapter, we have seen that it is possible to find a mathematical expression for
approximating the error probability for any modulation scheme. This expression has been obtained

assuming transmission over an AWGN channel in the absence of any error-correcting (channel) code.

However, there are plenty of practical situations where finding an accurate approximation of the error
probability at the receiver output is very difficult, or even impossible. For instance, this is the case with

systems for which:

(1) Channel coding is used in association with the modulation scheme in order to achieve a better

error performance.

(2) The channel is not AWGN. For instance, the channel could introduce ISI or some fading of the

transmitted signal.

For many of these systems, the only way to obtain an accurate approximation of the error performance

at the receiver output consists of using computer simulations.
e Coded modulation schemes

We have represented below the generic block diagram of a coded modulation scheme, i.e. a

modulation scheme combined with a binary error-correcting code (binary = operating on bits).
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Base-band signal m(t)

Coded bits cos(2nfot)
M| A Transmit L
Info D 4 A filter » X \(
bits Error- E » P (low-pass) + :
— 3| correcting M » P cos(2nfot + 1/2) PA
encoder U » | :
x [P ] N[ B Tr;ﬂ::mt N Modulated
G (low-pass) T signal st)
m parallel bit streams Base-band signal mq(t)
Base-band signal m’|(t)
cos(2nfot) D
Matched Ay E
\( [ x > (Iovtllltee:ss) —_ < M > Soft-  |Decoded
. i Sampling i "l U decision | bits
PA cos(2nfot + 7/2) attime kTt | > » eror- |—»
Matched Pl:: X correcting
Received o x > filter N Ill > decoder
signal r(t) (low-pass) By | g

Base-band signal m'q(t)  m streams composed of estimates of the
transmitted bits

This block diagram is very similar to that of an uncoded modulation scheme. However, in coded
modulation systems, the information bits are encoded by an error-correcting encoder, which can
typically be a convolutional, turbo, or low-density parity-check encoder. The coded bits thus generated

are then transmitted using the classical modulator structure.

We recall that the coded bit stream is de-multiplexed into m parallel bit streams. Let (Xyx, Xok, ---» Xmk)
denote the vector of m parallel coded bits at time kT, where k is an integer and T is the duration of a
symbol. The mapping operation converts this m-bit vector (X, Xz, ---, Xmk) iNto @ pair of real symbols
denoted as A, and By, or equivalently a complex symbol C, = A, + jBy, which can take M = 2™ different
values. In classical systems, we employ Gray mapping since such labeling technique minimizes the bit

error probability for a given symbol error probability.
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At the mapping block output, we thus have two streams composed at time KT of symbols A, and By
that can be either binary or non-binary: In BPSK and QPSK, A, and By are binary, whereas with other
modulation schemes, A, and By are not binary.

At the receiver side, we recall that, at time kT, an estimate C'k of the corresponding transmitted
symbol C, is available at the sampling device output. In a coded modulation system, the estimate C,

is processed by a “de-mapping” block whose task is to convert C'k into a vector (X'1x, X2k, «-+» Xmx) Of

analogue samples that estimate the transmitted m-bit vector (X; x, X2k, ---» Xmk). Such de-mapping block
does not exist in uncoded communication systems where it is replaced by a simple decision block.

Why do we need to use such de-mapping block in coded systems?

The answer is simple. A basic principle of information theory (see the late EEE2004 — Information
Theory & Coding module) is that channel decoders perform better when operating using soft
decisions, i.e. analogue estimates of the transmitted coded bits, rather than hard decisions (bits).

To optimize the error-correction capabilities of the channel decoder, we must therefore make sure to
feed this decoder with estimates of the transmitted coded bits that are unfortunately not available at

the sampling device output (except in the case of BPSK and QPSK). As a result, we need to compute

these estimates using the sequence of samples C, .

For instance, over an AWGN channel with a given noise variance 0'2, the estimate X, i € {1, 2, ...,

m}, of the coded bit x; is computed using

L2 Pr{xi’k:O‘C'k}
Xik =—-In .
Y Pr{Xi,kzl‘ Ck}

which, after a few mathematical manipulations, leads to
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5 ool 6]

2
XL = (e} In CEAO,i 2c
K=—"" ~ ’
' &(c,.c)
Z expl — :
CeAli 2c

where dz(C](,C)z (A, —AY +(B, —BY designates the Euclidean distance between the received channel

sample C, and a given possible symbol C (no time index needed here), whereas A;;, j=0orlandi e

{1, 2, ..., m}, represents the set of all symbols C whose label is j in the i-th position. In those
expressions, we assume that the soft-decision decoder uses the following convention: a negative
received estimate is indicative of a coded bit equal to 1, whereas a positive received estimate is
indicative of a coded bit equal to 0. This convention is used by the soft-decision Viterbi decoder
available in Matlab.

For instance, for the simplest case corresponding to BPSK modulation, the de-mapper output is given
by

_ A-k B _
exp]— ‘ |

X'J,k — %2.“1 { IZGZ } _ 6_22[_ (A; —21)2 N (A; +21)2} _ Ai< ,
exp{_ﬂAk_HE} 7 °

26°

assuming the use of a (0 -> +1 and 1 -> -1) mapping. This result shows that, for BPSK, no de-mapping
is actually needed since the estimate of the bit x; x is already available at the output of the sampling
device.

Example - S
Show that, for QPSK with Gray mapping, we can write x;, = A, and x,, =B, . What conclusion can

you draw from such result?

Example - I

Consider a 4-ASK constellation with the Gray mapping indicated below.
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(o)

. c
Xl,k =" In ’

2

262 202

2 26 20
. c

and Xok = In
exp{— ﬁA"Z—ff} + exp{— £Ak2_+23i}
(o) (o)

Note that those expressions can actually be simplified as follows:

!A;( +1f
exps — 5
: , G2 20 G2
If Ay >+2, then Xlkz?.m ==|-

expl A -3
262

o |

20

26°

(A.k +21)2 4 (A;;;f)z] — —2Ai< +2.

. 2 2
If —2<A, <+2, then X'lkz%.m :%.

oxpl B -1f
26°

|

[_ (Aic+af (e -of

2672

2672
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. 2
If A <-2, then x|, z%.m

. 2
If Ak >0, then X‘2,k z%]n

2

If A, <0, then X z%.m

o
2

o .
2

[l e

267

262 262

o o],
3 |

267 20

[t el

The last two equations can be combined to form the following expression:

XK zz-‘ Ay ‘

e Computer simulations of coded modulation schemes

Computer simulations can be used to assess the error performance of a coded modulation scheme
with great accuracy. The first stage consists of generating a stream of N information bits with Pr{0} =
Pr{1} = 1/2. Then, this stream is encoded using the algorithm that you have decided to use. At the
output of the encoder, the length of the encoded sequence is N/R.; (> N) bits where R; is the coding

rate of the error-correcting code.

After de-multiplexing of the coded bit stream, the k—th vector composed of m coded bits is mapped

onto a constellation symbol Cy, i.e. a pair of real-valued symbols A, and B,.
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Note that each transmitted constellation symbol Cy carries the information corresponding to m coded
bits, i.e. only m.R. information bits. Thus, the spectral efficiency of the whole communication system is
no longer m bits/s/Hz as in the uncoded case, but reduced to m.R. bits/s/Hz => The use of channel

coding reduces the spectral efficiency by a factor equal to the coding rate of the channel code.

When comparing the error performance of different coded modulation systems, you will have to take

this into account as all schemes must have identical spectral efficiencies.

N/R. coded bits " A Ak
D o iy i % Channel —-—n ‘:.
N info bits | Error- E | P ‘Towards
—>| correcting M PP ireceiver
encoder U —> | i} =
X 5+ N H—» Channel ——

m parallel streams, each 2xN/(m.R¢) transmitted
. Rc
composed of N/(m.Rc) bits symbols/channel estimates

Then, transmission of constellation symbols C, = A, + jBy over the desired channel is simulated by
computing the channel outputs A’y and B’, as a function of A, and B,. For instance, in the case of an
AWGN channel, we have already seen that:

A=A +Nq,
and B =B + Ny,

where N, ; and N, are two independent Gaussian noise samples with zero-mean and variance o2.

Since the error performance of the system is ultimately a function of the SNR per information bit,

Ew/No, We need to specify in the computer program the relation between ? and the SNR. This can be

done by using a few precious equations derived in the two previous chapters:
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N
(1) 62 = _0 )
9(0)
2) E, =2-g(0),
2
E E. _. .
3) E, =——— (not E, === since this is a coded system!).
m-R. m

-1
By combining (1), (2), and (3), we find the generic expression: ° = *(EJ :
m-R,

If the SNR is expressed in decibels (dB), we use the following equation instead:

_i.[ib]
o2=_ Y .10 ¥ \NoJgg

Example 1 ----
Coded QPSK with R, = %2 (n = 1 bit/s/Hz) and symbols A, and By € {£1}:

_01.[ij
y=2andm=2=>¢%=10 NoJug

Example 2
Coded QPSK with R, =% (n = 1 bit/s/Hz) and symbols A, and By located on the unit-energy circle, i.e.
Aq and By € {1/sqrt(2)}:

_o_l.H
y=landm=2=> czzéxlo a8,

Example 3
Uncoded QPSK (n = 2 bits/s/Hz) with symbols A, and By € {+1}:

Ep
1 ‘“[Wj
Rc=1,Y=2andm=2=>02:E><lO 0/dB

Example 4 ---- -

Coded 8-PSK with R = 2/3 (n = 2 bits/s/Hz) and symbols A, and By located on the unit-energy circle:
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E
,0_1.[713}
y=1landm=3=> 02=%x10 NoJag

Example 5

Uncoded 8-PSK (n = 3 bits/s/Hz) with symbols A, and By located on the unit-energy circle:

%)
1 -0.1{ B
Rc=1,y=1andm=3=>02=gxlo dB |

Example 6
Coded 16-QAM with R, = 3/4 (n = 3 bits/s/Hz) and symbols A, and By € {#1, +3}:

E
—0.1-(—b]
y=10 and m =4 => Gzzgxlo NoJas

Example 7 --
Uncoded 16-QAM (n = 4 bits/s/Hz) with symbols A, and By € {+1, +3}:

_0_1{@]
Rc=1,y=10 and m =4 => Gzzgxlo NoJas .

At the receiver side, the k-th channel outputs A’y and B’y are processed by the de-mapping block so as
to produce the k-th vector composed of m analogue samples. These samples estimate the m coded
bits that were associated with the transmitted symbols A, and By at the transmitter side. Finally, after

multiplexing, the samples are fed into the soft-decision channel decoder.

N/R. analogue estimates of the transmitted coded bits

D
Av| E
3 M Soft-
decision .
A~ . > N Decoded bits
p | u || error
p 1 x correcting
I decoder
Bk | G
\ m parallel streams, each composed of N/(m.R.)

analogue estimates of the transmitted coded bits
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At this stage, we are able to compute the bit error rate (BER) which is a measure of the bit error
probability P.p,. To do so, the sequence of information bits is compared with the decoded sequence:
Every time a decoded bit is different from the corresponding transmitted information bit, an error is
counted. Finally, the BER is obtained by dividing the total number of errors by the number N of

transmitted information bits.
o A few examples of error performance results obtained by computer simulations

To illustrate the kind of error performance that can be achieved with today’s communication schemes,
we have plotted below several “BER Vs. SNR” curves obtained by computer simulations. For all
systems, the spectral efficiency is equal to 3 bits/s/Hz. Here, such spectral efficiency has been
achieved using either uncoded 8-PSK or coded 16-QAM based on a rate-3/4 error-correcting code. In
all cases, Gray mapping is employed with both 8-PSK and 16-QAM.

For a change, we have not assumed transmission over an AWGN channel. Instead, we have assumed
transmission over a flat Rayleigh fading channel with perfect channel interleaving which is a
better model than the AWGN channel for many communication systems, such as wireless mobile

communications for instance.

For a flat Rayleigh fading channel with perfect channel interleaving, the channel output is given by:
A =hr- A +Ney,

and Bi< =h o B +Ny 5,

where Ny; and Ny, are two independent additive Gaussian noise samples with zero-mean and

variance . The multiplicative noise samples h,; and h,, represent the fading affecting the | and Q
components of the modulated signal, respectively. Owing to channel interleaving, both samples hy;

and hy, are assumed to be independent. Without channel interleaving, we would have hy; = hy, = h.

In order to understand how channel interleaving operates, we can consider the example below.
Assume the sequence to be transmitted is {Cy, C1, C,, Cz, C4, Cs} = {Aq, Bo, A1, B1, Az, By, Az, Bs, A,
B4, As, Bs}.
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If this sequence is transmitted through the fading channel without prior interleaving, the received
sequence will be {hoCo, h]_C]_, thz, h3C3, h4C4, h5C5} = {hvo, h()B(), hlAl, hlBl, h2A2, thz, h3A3, h3B3,
h4A4, h4B4, h5A5, h5Bs}-

Note that, for simplicity sake, we assume here no presence of additive noise. It is also worthwhile
mentioning that two successive fading samples h,; and hy can be strongly correlated since the

channel parameters can change very slowly in practice.

Assume now the use of an interleaving function before transmission of the symbols so that the
transmitted sequence is {A1, By, Az, B4, As, By, Ao, B1, Ay, Bs, A Bs). In this case, the received
sequence will be {hoA1, hoB,, hiAs, hiBs, hoAs, hoBo, haAo, h3Bi, hsAs, hyBs, hsA4, hsBs) After de-
interleaving, this sequence becomes {hsA,, h,Bo, hoA1, h3B1, hsAz, hoB,, hiAsz, hyBs, hsA4, hiBy, hoAs,
hsBs}.

We can see that, thanks to the interleaving function, the | and Q components of a given complex
symbol are no longer affected by the same fading sample. In addition, if the size of the interleaving
function is large enough (which is not the case in this example), we can ensure that two successive

fading samples in the de-interleaved sequence are independent.

For a Rayleigh fading channel, both fading samples hy; and hy, follow a Rayleigh distribution which,
for simplicity sake, is assumed to be normalized, i.e. defined so that E{(h.1)*} = E{(h»)?} = 1. To
generate a normalized Rayleigh fading sample h, you must first generate two independent Gaussian

samples n; and n, with zero-mean and variance 1/2, and then use the following equation:

h =) +(nz ) -
It is easy to check that E{h*} = E{n,’} + E{n,’} = %2 + %5 = 1.

We also assume that the receiver knows the values of samples hy; and hy,. In technical terms, we say
that “perfect channel state information” is assumed. This assumption is not as unrealistic as it seems
because there are practical techniques (“‘channel estimation algorithms”) that can be used to

accurately calculate in real time the values of samples h,; and hy,. You will see during the assignment
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that the communication scheme could not work properly without the knowledge of hy; and hy,, thus
implying that channel state information is a must.

Finally, the Rayleigh fading channel is said to be flat because the only effect of the channel (apart from
the addition of Gaussian noise) is to amplify/attenuate the transmitted symbols.

It is worthwhile mentioning that, over a Rayleigh fading channel with perfect channel state information,
the de-mapping expressions are different from those employed over an AWGN channel. Those

expressions must take into account the fact that the fading samples are known at the receiver side.

Over a Rayleigh fading channel with perfect channel state information and a given noise variance ¢2,

the estimate X'\, i € {1, 2, ..., m}, of the coded bit x;x is computed using

P { Xix =0 ‘ By 1 i 2, Ci }

-l
R ey

which, after a few mathematical manipulations, leads to

z expl— (Ak _hk,l'A)z +(Bk —hyo 'B)Z
~ c? CeAg; 26°
Xl,k _ |I’] - )
2 z exp{— (Ak _hk,l'A>2 +(Bk —hy2 B)z}
_CEAZLi 202 ]
where A, j=0orlandi e {1, 2, ..., m}, represents the set of all symbols C whose label is j in the i-th

position. In those expressions, we recall that the soft-decision decoder uses the following convention:
a negative received estimate is indicative of a coded bit equal to 1, whereas a positive received

estimate is indicative of a coded bit equal to 0.

Example - A ——

Consider once again a 4-ASK constellation with the Gray mapping indicated below.

*—o——0— >
o0 00 10 11
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The de-mapper outputs are therefore given by

' ]
A 3h A, +h
expy— k+ k. }+exp{( L 2k’1)2}
2 c
Xk = —-In :
2 f
exps — k _Shkl }+exp{_ (Akzhqul)z}
(e}
L ]
exps — k _hkl }+exp{_ (Ak;};kl)z}
2 o
and oo =2 .In
2k .
2 (Ay ~3n,,f (A + 30, f
(o)

Note that those expressions can actually be simplified as follows:

If A, >+2hy 4, then

(A'k +hy 1)2
expy— K
2 ' L .
o %2"” (Ai( —th f ) %2 - (Ak;;k'l)z " (Ak 2:2 k'l)z = ‘th,l'(Ak —hk,l)'
B P
If ‘ Ay ‘s +2hy,, then
| (Ak +hy 1)2 |
expl - XX
. 20" || o2 | (ag+hf . (A ~heaf A
: (Ak -hy 1)2 2 20° 20° o
TP e

If A, <—2h, 4, then
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(Ai( +3hk1)2 ]
S : .
X'lk ~ 6_22.|n | 2_6 _ 0_22' _ (Ak ;:gk.l)z + (Akz—c;k;)z _ _2hk,1'(Ai< +hk,1)'
(Ak hk,1)2
exp B
If A, >0, then
_ (Ak —hy 1)2 _
exp —272' - -
Xy ~ %z.m ‘ _G _ %2, _ (Akzchzk,l)z . (Ak Z:DM)Z _ —hk,l'(Ai( _2hk,1)'
Ay -3n,
exp o
If A, <0, then
I (Ak +hy 1)2 |
expi— 5"
. 2 2c 2 (A'+h‘)2 (A'+3hy)2 .
Xok = %-m (Ak +3hk’l)2 = %‘ — k202k1 +K 202“ = _hk,l'(_ Ay —2hk,1)'
exp o

The last two equations can be combined into a single expression which is as follows:

Xpy = iy q A |- 2h,,).

If the Rayleigh fading channel was frequency-selective rather than flat, it would also introduce the
dreaded ISI among channel output samples. For a frequency-selective fading channel (without perfect
channel interleaving), the channel output is given by:

L-1

Ai( = Zhl . Ak—i + Nk,l’
i=0
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L-1
and Bi( = Zhl . Bk—i + Nk,2 y
i=0
where L is the number of paths. Generally, the L fading samples h;, i € {0, 1, ..., L-1}, are independent

L-1
and follow a Rayleigh distribution with normalized power, i.e. defined so that ZE{(hi)2}= 1.
i=0

Nowadays, due to the ever-increasing bit rates, wireless communication channels can almost always
be considered as frequency-selective fading channels. To suppress the ISl inherent to such channels,
one must use equalization techniques at the receiver side and/or OFDM (orthogonal frequency
division multiplexing) architectures. However, such topics are beyond the scope of these lecture notes.

For the coded 16-QAM, we have basically considered four different systems.
e System # 1

Transmission is performed using successive frames of 30,000 (30K) information bits. 16-QAM is
combined with a rate-3/4 convolutional code (which happens to be recursive and systematic, for no

particular reason).

The constraint length of this convolutional code is K = 5 (corresponding to a 16-state code) and its
generator polynomials are (23, 31) in octal notation, or alternatively (010 011, 011 001) in binary
notation. The coding rate R. = % is obtained by puncturing the rate-1/2 mother convolutional encoder

using a periodic pattern that keeps the code systematic.
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Frames of 4N/3=  Frames of N/3 =

40K coded bits 10K symbols
Frames of N = l Flat
30K info bits Rate-3/4 16-QAM | ¢, | Rayleigh | Ck
—»{ convolutional > Gray » fading [—>
encoder mapper channel
Xi-2 Xk-1 Xk Xi-2 Xi-1 Xk
111
P
U
N H
C [ X2 Xiea X Yiz
T [ 5
U
R
|
N
Yi-2 Yk-1 Yk G
5 100
: K =5 (16 states), (23, 31), recursive, systematic

Frames of 4N/3 = 40K

Erames of N/3 = 10K estimates of the coded bits

channel samples l .
. Frames of N = 30K
, Soft-decision .
C'« ——| Demapper ™| Viterbi decoder [~ decoded bits

L X'k-2X k-1 X k

Xk-2X'k-1X k Y k-2 111 » Standard soft- :

: 3! De-puncturing ' 00 decision Viterbi —»
100 Yk2 decoder '
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At the receiver side, the decoder uses the soft-decision Viterbi algorithm associated with the rate-1/2

mother convolutional encoder (often referred to as “standard Viterbi decoder”).

A de-puncturing block must be used prior to Viterbi decoding in order to replace the missing estimates

with neutral values (= 0 since the Viterbi decoder is a binary decoder using the representation +1/-1).

If we compare the error performance of system # 1 with that of uncoded 8-PSK, it appears that very
large coding gains are achieved by using channel coding. For instance, at BER = 107, coded 16-QAM
outperforms uncoded 8-PSK by approximately 9 dB. At lower BER values, the coding gains are so

large that they cannot even be measured using our graph.

1.6+00
Results obtained with 100 frames of 30000 info bits

1E-01 =

1E-02 |

Uncoded 8-PSK

Bit Error Rate

1E-03 | <
> N
&
> ~
~
~
S
AN
1E-04 | o
N
N
N
N
#1 o
1E-05 | SO~
-
1.E-06
4 5 6 7 8 9 10 1 12 13 14 15 16 17 18 19 20 21 22 23 24
E/No (dB)
e System # 2

It is identical to system # 1, except that a 40K-bit random interleaving function is inserted between the

convolutional code and the mapping block. It is observed from the graph that the use of a 40K-bit
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random interleaving function slightly improves the error performance of the system (compared to # 1).

You could ask yourself the following questions:

(1) How do we explain such performance improvement?

(2) Would an increase in the interleaver size result in even better performance?

(3) Would a deterministic interleaver perform better than a random one?

(4) Would the use of such interleaving function also be beneficial on AWGN channels?

Frames of N =

30K info bits
—>

Rate-3/4
convolutional
encoder

Frames of 4N/3 =
40K coded bits

Frames of

N/3 = 10K

channel samples

C—»

Demapper

A 4

40K-bit
random
interleaver

\

Frames of 4N/3 =
40K estimates of
the coded bits

\ 4

/ 40K-bit

random de-
interleaver

»
>

Frames of N/3 = 10K symbols
Flat ;
16-QAM C : C'
I e I
mapper channel

Frames of N = 30K

Soft-decision

> Viterbi decoder

decoded bits
e
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1.E+00

Results obtained with 100 frames of 30000 info bits

1E-01 E
1E-02 L
Q
5 Uncoded 8-PSK
o
|
g 1E-03 3
w E
+
&=
1E-04 |
1E-05
E # 2 = # 1+ random
interleaving
1E_06 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
Ew/No (dB)
e System # 3

It is identical to system # 2, except that the 16-QAM constellation is rotated by an angle n/8.

Let us explain briefly why rotating the constellation can improve the error performance of the whole

communication system over fading channels.

Consider the two constellation symbols below as an example (no loss of generality).
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A +1 +j = sqrt(2)exp{jn/4}
-1 + j = sqrt(2)exp{j3n/4} ® ® ® o

The distance between these two signal points is equal to do = 2. Assume now that the | component Ay
undergoes a “deep fading”, meaning that the fading sample h, ; associated with Ay is very small. In this
case, both signal points come much closer to each other: The distance between both signal points is
no longer do = 2 but equal to d; = do.hy; = 2.he; << 2. Therefore, it becomes very easy to make a
symbol error even in presence of a very small additive noise sample. This is the reason behind the

poor BER performance of uncoded systems over Rayleigh fading channels.

Now assume that the constellation symbols have all been rotated by an angle 6 prior to transmission.
In other words, our two signal points now correspond to the constellation symbols sqrt(2).exp{j(3n/4+6)}
and sqrt(2).exp{j(n/4+6)}. Obviously, the distance between these two signal points remains equal to dg =

2 as for the non-rotated constellation.

However, in the presence of fading, the distance between both symbols becomes equal to d, =
2.sqrt[(h,1.cos0)* + (hy2.sinB)’], where h,; and h,, are the fading samples affecting the | and Q
components, respectively. The distance d, can be very small (<< 2) only if h,; and hy, are both very
small. Having hy; and hy, very small at the same time is less likely to happen than having only hy

very small.
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Therefore, rotating the constellation improves the BER performance over fading channel. In technical
terms, we say that such rotation generates a “diversity of order 2” whereas a non-rotated 16-QAM

constellation only has a diversity of order 1.

The BER curves shown below clearly confirm that rotating the constellation by an angle of n/8

significantly improves the error performance of the system.

You could ask yourself the following questions:

(1) Would constellation rotation be beneficial over AWGN channel?

(2) Would constellation rotation be beneficial over a Raleigh fading channel with no channel

interleaving (hx 1 = hy2)?

1.E+00

Results obtained with 100 frames of 30000 info bits

1E-01 E

1E-02 L

Uncoded 8-PSK

1E-03

Bit Error Rate

1E-04 |

1E-05 |}

1E_06 Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il
4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
Ew/No (dB)
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e System # 4

It is identical to system # 3, except that the convolutional code is replaced by a rate-3/4 turbo code

generated by puncturing a rate-1/3 mother turbo encoder.

The mother turbo code is obtained by parallel concatenation of two identical rate-1/2 recursive and
systematic convolutional (RSC) codes with 16 states (corresponding to a constraint length K = 5) and
generator polynomials equal to (23, 31). Both RSC codes are separated by a 30K-bit random

interleaving function ().

Frames of 4N/3 = Frames of N/3 =
40K coded bits 10K symbols
Frames of N = 16-OAM l Flat
30K info bits | Rate-3/4 40K-bit c;Q C« | Rayleigh [ Ci
—»| turbo »| random ray » fading [—>
encoder interleaver mapper channel
Xk-5 Xk-4 Xk-3 Xk-2 Xk-1 Xk X Xk-5 Xk-4 Xk-3 Xk-2 Xk-1 Xk
f » 111111

\4

Xk-5 Xk-4 Xk-3 Xk-2 ==

30K-bit .
random Yk-5 Yk-4 Yk-3 Y2 Yi-1 Yk = X1 Xic Yies Zies
interleaver (r) » 100000 [—* :
Zy.5 Z-4 23 Zk-2 Zk-1 Zk
»| 100000
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Inside the turbo decoder, both RSC decoders use the soft-input soft-output Viterbi algorithm (SOVA)
associated with the rate-1/2 encoders. A de-puncturing block is used prior to turbo decoding. Turbo

decoding is performed using 1, 2, 3 or 6 iterations.

Frames of 4N/3 =
40K estimates of
the coded bits

Frames of N/3 = 10K B
channel samples Frames of N =
40K-bit 30K decoded bits

Turbo
C'w —»| Demapper »| random de- > decoder IS
interleaver
 XesXiaXks X2 X XicYksZes
X'k-5 X'k-4 X k-3 Xk-2 Xk-1 X'k
l 111111 >
De-puncturing | vv. 0 0 0 0 0O Standard
— 100000 »| turbo decoder |—»
Zv,s 0O 0 0 0 O
100000 >
4l
T e
A
A
— > reng HEN
Channel SO L SOVA2 Decoded
samples ' —> > bits

-

Exchange of ‘extrinsic’ info
between decoders
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1E+00 ¢
B0l B 0o gg
1E-02 |

1E-03 |

Bit Error Rate

1E-04 |

1E-05 |

: Capacity limit

1.E-06 i

Results obtained with 100 frames of 30000 info bits

P#3

1

12

We observe from the BER plots that using a turbo code instead of a convolutional code results in a

very significant performance improvement. For instance, at BER = 107, system # 4 with 6 decoding

iterations outperforms system # 3 by approximately 2.6 dB. With system # 4 using 6 decoding

iterations, error performance within 1.7 dB of the channel capacity limit can be achieved (if BER = 10

is taken as a reference). With a larger number of decoding iterations, we could show that a BER = 107

is obtained for Ex/Ng = 8.6 dB, i.e. ~ 1.1 dB away from the capacity limit, which is an impressive

performance indeed.
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Matlab Assignment

Simulations of Wireless Communication Systems

The communication link shown in Fig. 1 is to be simulated in Matlab in order to investigate its bit error rate (BER)
performance for several configurations.

Transmitted
Info bits Coded bits Coded bits constellation
iiiii Rn?é?ﬁt/rz cceeceeceece cc cc cc cc 16-QAM symbols Cy
— T
1 convolutional 110 > mgrai{]
encoder bping
Puncturing
Rate-3/4 convolutional encoder v
Channel
o
Fard-decisi “recovered”
ard-decision i . #1
coded bits
< Viterbi (@ 110 |g— | Decsion g o
decoder block
-y
Decoded _
bits De-puncturing Estimates
. of the
Soft-decision coded bits »
< Viterbi <4— 110 |¢@———| De-mapping |¢——@
decoder #9

Fig. 1 — Generic structure of the communication link to be studied.

The sequence of information bits is first encoded by a convolutional encoder with a coding rate R, = 3/4. The
rate-3/4 encoder is obtained by puncturing a rate-1/2 mother convolutional encoder using the periodic mask
[110] where 1 means “transmission of the coded bit” and 0 means “deletion of the coded bit”. The generator

84
EEE8003/8104 — Advanced Modulation & Coding — SLG



School of Electrical and Electronic Engineering @ Newcastle University

polynomials of the rate-1/2 mother convolutional code are (7, 5) in octal representation, corresponding to a

constraint length K = 3.

The coded bits are then modulated using 16-QAM modulation with Gray mapping. Fig. 2 shows a possible Gray
mapping for 16-QAM.

Q

A
® ® ® ®
1011 1010 | 1110 1111

o o o [
1001 1000 | 1100 1101

o o o o
0001 0000 | 0100 0101

o o o [
0011 0010 | 0110 0111

Fig. 2 — Possible Gray mapping for 16-QAM.

The spectral efficiency of the system is n = 3 bits/s/Hz, and is therefore identical to that achieved with an
uncoded 8-PSK modulation scheme. The resulting sequence of 16-QAM complex symbols is then transmitted

over the channel. Hereafter, the k-th transmitted symbol is denoted as Cy (like in my lecture notes).

The receiver can operate according to two configurations: # 1 and # 2 (see Fig. 1). In both configurations, each
channel sample C’y is processed in order to produce an estimate of the four bits that were associated with the

transmitted symbol C,.

In configuration # 1, a “decision block” generates a binary sequence (“hard decisions”) whereas, in configuration

# 2, a “de-mapping” block produces a sequence of analogue samples (“soft decisions”).

In any case, the sequence thus obtained is then de-punctured, which means that the estimates corresponding to
the coded bits deleted by the puncturing function are replaced with neutral estimates (= 0, i.e. “halfway” between
-1 and +1), and finally decoded by the Viterbi decoder associated with the rate-1/2 mother convolutional encoder

used in the transmitter.
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Question 1

Simulate the BER performance of the system with the following parameters:

1)

2

The channel is additive white Gaussian noise (AWGN): The k-th channel sample C,' is given by C,' = Cy
+ Ny, where Cy denotes the corresponding transmitted 16-QAM constellation symbol and Ny is a
complex Gaussian noise sample with zero mean and variance o that is a function of the SNR per

information bit (Ep/No).

The receiver operates using configuration # 1.

For reference sake, you should also determine the BER performance of an uncoded 8-PSK modulation scheme

over AWGN channel. Remember that it is good practice to compare the error performance of a coded

modulation scheme with that of an uncoded scheme with identical spectral efficiency.

In summary, you have to plot TWO “BER vs. E,/Ny” curves on the same graph. Note that you should plot your

results for Ex/Ng ranging from 2 to 12 dB (by steps of 1 dB) and BER ranging from 10%to 10°.

It is worthwhile mentioning that, in order to obtain a reasonably accurate BER value via computer simulations, it

is necessary to count at least ~ 30 error events at the receiver output. Throughout this assignment, you will

consider the transmission of 1000 frames, each of them composed of 3000 information bits. In other words, your

computer simulations will be performed assuming the transmission of 3 million bits. With such number of

information bits, you should be able to accurately measure any BER values higher than approximately 10°.

Comment on your results.

A bit of help: Matlab program for uncoded 8-PSK (with a few missing bits and pieces)

% This program simulates the BER performance of uncoded 8-PSK modulation over either AWGN or flat
% Rayleigh fading channel with perfect channel interleaving and CSI.

clear all;

close all;

clc;

% Range of SNR to be tested, (snr is the SNR per info bit (Eb/NO) expressed
% in dB)
snr_dB=2:12;
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% Number of information bits per frame
length_frame=3000;

% Number of frames
number_frames=1000;

% Total number of information bits

fprintf(' BER performance of uncoded 8PSK\n');

fprintf(' Number of bits per frame = %d\n',length_frame);
fprintf(' Number of frames = %d\n',number_frames);
fprintf(" Number of info bits = %d\n',number_bits);

% Constellation and Gray mapping
[signal,bit]=constellation();

% Initial result vector
BER=zeros(1,length(snr_dB));

for i=1:length(snr_dB)
snr=snr_dB(i);
fprintf(\n’);
fprintf('=============== SNR (in dB) = %d\n',snr_dB(i));
fprintf('\n’);

for frame=1: ???

% Random vector of information bits
msg = round(rand(1,??7?));

% Mapping and transmission through the AWGN or Rayleigh fading channel
[r1,r2,h1,h2] = transmission(length_frame,signal,bit,snr,msg);

% Decision block
demod = demodulation(length_frame,signal,bit,r1,r2,h1,h2);

% Error count
end

% Computation of the total number of errors and BER
sum_errors = sum(number_errors);
BER(i) = ?2?2?/ ??7?;
fprintf('Total number of errors = %d\n',sum_errors);
fprintf(BER = %12.8f\n',BER(i));

end

figure(1);

semilogy(snr_dB,BER,'r-);

axis([2 16 10"-4 1));

legend('8-PSK over AWGN (hard-decision));
xlabel('"EbNO - dB);
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ylabel (‘'BER);
grid on;

function [signal,bit]=constellation()
% Definition of the constellation and mapping

signal(1)=1,;
bit(1,1)=1;
bit(2,1)=1;
bit(3,1)=1;

signal(2)=0.7071+1i*0.7071,
bit(1,2)=0;
bit(2,2)=1;
bit(3,2)=1;

signal(3)=1i;
bit(1,3)=0;
bit(2,3)=1;
bit(3,3)=0;

signal(4)=-0.7071+1i*0.7071;
bit(1,4)=0;
bit(2,4)=0;
bit(3,4)=0;

signal(5)=-1,
bit(1,5)=0;
bit(2,5)=0;
bit(3,5)=1;

signal(6)=-0.7071-1i*0.7071;
bit(1,6)=1;
bit(2,6)=0;
bit(3,6)=1;

signal(7)=-1i;
bit(1,7)=1;
bit(2,7)=0;
bit(3,7)=0;

signal(8)=0.7071-1*0.7071;
bit(1,8)=1;
bit(2,8)=1;
bit(3,8)=0;
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function [r1,r2,h1,h2]=transmission(length_frame,signal,bit,snr,msQ)

sd=sqrt(???);

rl=zeros(1,length_frame/3);
r2=zeros(1,length_frame/3);
hl=zeros(1,length_frame/3);
h2=zeros(1,length_frame/3);

% Serial-to-parallel conversion (1:3)

for ii=1:length_frame/3
a=msg(3*(ii-1)+1);
b=msg(3*(ii-1)+2);
c=msg(3*(ii-1)+3);

% Selection of the transmitted signal (mapping)
for jj=1:8
e=bit(Ljj);
f=bit(2,Jj);
g=bit(3,]j);
if ((a==€)&&(b==f)&&(c==q))
transmitted=??7?;
end
end

% Generation of the complex AWGN samples
noise=sd*randn(1)+1i*sd*randn(1);

% Generation of the fading samples hl and h2
% (1) For AWGN channels

h1(ii)=1;

h2(ii)=1;

% (2) For Rayleigh fading channels
% noisel=sqrt(0.5)*randn(1);

% noise2=sqrt(0.5)*randn(1);

% hl(ii)=sqrt(noisel”2 + noise2/2);
% noisel=sqrt(0.5)*randn(1);

% noise2=sqrt(0.5)*randn(1);

% h2(ii))=sqrt(noisel”2 + noise2"2);

% Expression of the received signal as a function of the transmitted signal
ri(ii)=h1(ii)*real(???) + real(???);
r2(ii)=h2(ii)*imag(??? ) + imag(???);

end
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function demod=demodulation(length_frame,signal,bit,r1,r2,h1,h2)
demod=zeros(1,length_frame);

% Computation of the Euclidean distance between the received signal and the 8
% possible 8-PSK signals. Note that the receiver knows the value of the fading
% samples h1l and h2.

for ii=1:length_frame/3

a=ri(ii);

b=r2(ii);

for jj=1:8
c=h1(ii)*real(signal(jj));
d=h2(ii)*imag(signal(jj));
distance(jj)=(???)"2+(???)"2;

end

% The signal closest to the received signal is chosen
closest=find(distance==min(distance));

% The corresponding bits are “extracted”
demod(1,3*(ii-1)+1)=bit(1,??7?);
demod(1,3*(ii-1)+2)=hbit(2,??7?);
demod(1,3*(ii-1)+3)=hit(3,??7?);

end

More help: Matlab program for coded 16-QAM using configuration # 1 (with even more missing bits and pieces).

% The program below simulates the BER performance of a 16-QAM modulation scheme
% combined with a rate-3/4 convolutional code. The channel is AWGN. The convolu-

% tional code is obtained by puncturing the coded bits generated by a rate-1/2

% mother encoder with 4 states and polynomials (7, 5). The spectral efficiency of

% the system is equal to 3 bits/s/Hz and thus identical to that of uncoded 8-PSK.

% The decision block generates bits to be decoded by the hard-decision Viterbi

% decoder after depuncturing.

clear all;
close all;
clc;

% Range of SNR to be tested, (snr is the SNR per info bit (Eb/NO) expressed
% in dB)
snr_dB=2:12;

% Number of information bits per frame
length_frame = 3000;

% Number of frames
number_frames = 1000;
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% Total number of information bits

fprintf(' BER performance of a 3-bit/s/Hz coded 16-QAM\nY;
fprintf(' Number of bits per frame = %d\n',length_frame);
fprintf(' Number of frames = %d\n',number_frames);

fprintf(' Number of info bits = %d\n',number_hits);

% Constellation and Gray mapping
[signal,bit] = constellation();
BER=zeros(1,length(snr_dB));

for i=1:length(snr_dB)
snr=snr_dB(i);

fprintf(\n');
fprintf(=============== SNR (in dB) = %d\n',snr);
fprintf(\n');

for frame=1:7??

% Random vector of information bits
msg = round(rand(1,??7?));

% Definition of the convolutional code
% Encoding of the information bits and puncturing
coded = convenc(???, t, [??7?]);

% Modulation and transmission through the AWGN channel
[r1,r2] = transmission(length_frame,signal,bit,snr,coded);

% Decision block
demod = demodulation(length_frame,signal,bit,r1,r2);

% Depuncturing and Viterbi decoding
decoded = vitdec(???, t, 100, 'trunc’, 'hard’, [??7?]);

% Error count
[number_errors(frame),ratio] = biterr(???,2?7?);
end

% Computation of the total number of errors and BER
sum_errors = sum(number_errors);

fprintf('Total number of errors = %d\n',sum_errors);
fprintf(BER = %12.8f\n',BER(i));

end
figure(1);

semilogy(snr_dB,BER,'r-");
axis([2 12 10"-4 1));

EEE8003/8104 — Advanced Modulation & Coding — SLG

91



School of Electrical and Electronic Engineering @ Newcastle University

legend('16-QAM(soft-decision))
xlabel('EbNO - dB');

ylabel (‘'BER);

grid on;

function[signal,bit]=constellation()
% Definition of the constellation and mapping

signal(1)=1+1i*1,;
bit(1,1)=1;
bit(2,1)=1;
bit(3,1)=0;
bit(4,1)=0;

signal(2)=3+1i*1;
bit(1,2)=";
bit(2,2)=7;
bit(3,2)=7;
bit(4,2)=7;

signal(3)=1+1i*3;
bit(1,3)=1;
bit(2,3)=1;
bit(3,3)=1;
bit(4,3)=0;

signal(4)=3+1i*3;
bit(1,4)=7;
bit(2,4)=7;
bit(3,4)=7;
bit(4,4)=7;

signal(5)=-1+1i*1;
bit(1,5)=1;
bit(2,5)=0;
bit(3,5)=0;
bit(4,5)=0;

signal(6)=-3+1i*1;
bit(1,6)=1;
bit(2,6)=0;
bit(3,6)=0;
bit(4,6)=1;

signal(7)=-1+1i*3;
bit(1,7)=1;
bit(2,7)=0;
bit(3,7)=1;
bit(4,7)=0;

signal(8)=-3+1i*3;
bit(1,8)=1;
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bit(2,8)=0;
bit(3,8)=1;
bit(4,8)=1;

signal(9)=-1-1i*1;
bit(1,9)=";
bit(2,9)=";
bit(3,9)=";
bit(4,9)=7;

signal(10)=-3-1i*1;
bit(1,10)=0;
bit(2,10)=0;
bit(3,10)=0;
bit(4,10)=1;

signal(11)=-1-1i*3;
bit(1,11)="?;
bit(2,11)="?;
bit(3,11)="?;
bit(4,11)="?;

signal(12)=-3-1i*3;
bit(1,12)=0;
bit(2,12)=0;
bit(3,12)=1,
bit(4,12)=1;

signal(13)=1-1i*1;
bit(1,13)=0;
bit(2,13)=1;
bit(3,13)=0;
bit(4,13)=0;

signal(14)=3-1i*1;
bit(1,14)=0;
bit(2,14)=1,
bit(3,14)=0;
bit(4,14)=1;

signal(15)=1-1i*3;
bit(1,15)=0;
bit(2,15)=1;
bit(3,15)=1,;
bit(4,15)=0;

signal(16)=3-1i*3;
bit(1,16)="?;
bit(2,16)="?;
bit(3,16)="?;
bit(4,16)="?;
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function[rl,r2] = transmission(length_frame,signal,bit,snr,coded)

sd=sqrt((???)*(10"(-snr/10)));
rl=zeros(1,length_frame/3);
r2=zeros(1,length_frame/3);

% Serial-to-parallel conversion (1:4)

for ii=1:length_frame/3
a=coded(4*(ii-1)+1);
b=coded(4*(ii-1)+2);
c=coded(4*(ii-1)+3);
d=coded(4*(ii-1)+4);

% Selection of the transmitted signal (mapping)
for jj=1:16
e=bit(Ljj);
f=bit(2.J);
g=bit(3j);
h=bit(4.j);
if((a==€)&&(b==f)&&(c==0g)&&(d==h))
transmitted=signal(jj);
end
end

% Generation of complex AWGN samples
noise=sd*randn(1)+1i*sd*randn(1);

% Expression of the received signal as a function of the transmitted signal
rl(i=real(???)+real(???);
r2(i)=imag(???)+imag(???);

end

function demod = demodulation(length_frame,signal,bit,r1,r2)
demod=zeros(1,length_frame);
% Computation of the Euclidean distance between the received signal and the 16 possible 16-QAM signals

for ii=1:length_frame/3

a=ri(ii);

b=r2(ii);

for jj=1:16
c=real(signal(jj));
d=imag(signal(jj));
distance(jj)=(???)"2+(?2?)"2;

end

% The signal closest to the received signal is chosen.
closest=find(distance==min(distance));

% The corresponding bits are “extracted”.
demod(1,4*(ii-1)+1)=bit(1,???);
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demod(1,4*(ii-1)+2)=bit(2,?2??);
demod(1,4*(ii-1)+3)=bit(3,???);
demod(1,4*(ii-1)+4)=bit(4,??7?);

end

Question 2

Simulate the BER performance of the system with the same parameters as in Question 1, with one major

exception: the receiver now operates using configuration # 2.

This basically allows the Viterbi algorithm to operate from soft decisions instead of hard decisions, and should
thus improve its performance in terms of error correction. Remember that information theory tells us that a

channel decoder always performs better when using soft decisions rather than hard estimates (bits).

In this question, the main challenge is to devise an algorithm that can convert the estimate C,’ of the transmitted
16-QAM complex signal Cy into estimates of the four bits that are associated with such signal. The reason for
this is that the Viterbi decoder is a binary decoder and must thus operate from estimates of bits. Unfortunately,
those estimates are not available at the channel output, and must therefore be computed using the received

sample C.
It is interesting to compare the results obtained in Questions 1 and 2. Hence, make sure to plot the new “BER vs.
Ew/Ng” curve and the curves obtained in Question 1 on the same graph. Thus, the graph for Question 2 should

therefore show THREE BER curves.

Make sure to plot your results for Ey/Ng values ranging from 2 to 12 dB (by steps of 1 dB) and BER ranging from
10°to 10°.

Comment on your results.

Question 3

Consider from now on (i.e., for Questions 3, 4, 5, and 6) that the receiver always operate using configuration # 2.

Simulate the BER performance of the system studied in Question 2 by now assuming transmission over a flat

Rayleigh fading channel with perfect channel interleaving instead of an AWGN channel.
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Note that you do not need to plot any BER curve for Question 3.

Comment on your results.

Question 4

We are now going to try to improve the error performance of the scheme considered in Question 3. The way to
do it is to assume that the 16-QAM de-mapping block knows the value of the fading samples h,; and hy;
associated with each channel sample C/. In technical terms, we say that we have perfect “channel state
information”. Note that this is actually a realistic and common assumption since various techniques can be used

by a practical receiver to estimate the value of h,; and hy, (“channel estimation techniques”).

In this question, your task is to devise a de-mapping algorithm able to exploit the knowledge of hy; and hy, to

convert the sample C,’ into estimates of the four bits that are associated with Cy.
Once it is done, simulate the error performance of the whole scheme and plot the resulting “BER vs. Ep/Ny”
curve. As a reference, you must also display on the same graph the curve corresponding to the uncoded 8-PSK

system (also assuming Rayleigh fading channel with knowledge of hy ; and hy,, for fair comparison).

The graph for Question 4 should show TWO curves. Note that you should plot your results for Ex/Ng ranging from
6 to 20 dB by steps of 1 dB and BER ranging from 10° to 10°°.

Comment on your results.
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Question 5

The scheme studied in Question 4 should work fine, but it is possible to further improve its error performance by
employing an interleaving function (denoted as =) between channel encoding and modulation, as shown in Fig. 3

below.

Such interleaving function “breaks” the correlation between successive estimates at the demapper output, and
thus allows for optimal operation of the Viterbi decoder. In fact, it is well known that the error correction
capabilities of Viterbi decoders can be significantly degraded when they are fed with correlated estimates.

Info bits Rate-1/2
mother 16-QAM Gray
P convolutional [ 110 Pl —> mapping
encoder
Puncturing
Cy
Channel
Cy
Hard-decision - 41
<4 Viterbi q— 110 ecision
decoder ¢ block <4+“—0
Decoded
bits De-puncturing

Soft-decision

< Viterbi <— 110 (g Ll De-mapping

decoder

#2

Fig. 3 — Improved structure of the communication link.

You can choose to use a random interleaving function as it is the simplest choice, at least in terms of Matlab

programming effort.

Simulate the error performance of the “improved” scheme, and plot the resulting “BER vs. E,/Ng” curve. As

references, you must also display on the same graph both curves obtained in Question 4 corresponding to the
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same system without interleaving as well as uncoded 8-PSK system. The graph for Question 5 should show
THREE curves.

Note that you should plot your results for E,/N, ranging from 6 to 20 dB by steps of 1 dB and BER ranging from
10° to 10°°.

Comment on your results.

Question 6

Question 6 is a “free-style” exercise.

Assume that our initial target was to design a 3-bit/s/Hz communication system that can achieve a BER of 10°

for Ep/No < 14 dB over a flat Rayleigh fading channel with perfect channel interleaving and perfect channel state
information. Using our best communication system so far (hopefully, the scheme simulated in Question 5), we

have unfortunately not been able to reach our goal.

Modify the system in Question 5 so as to meet the initial target (BER = 10 for E/N, < 14 dB). You are allowed
to change the error-correcting code, modulation scheme, puncturing pattern, etc., and even add a few tail bits to
each frame. Obviously, the channel remains unchanged, i.e. flat Rayleigh fading channel with perfect channel

interleaving and channel state information.

Finally, make sure to reach the target at a minimal cost in terms of complexity increase.

- END -
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