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ABSTRACT This paper presents a new coding scheme based
on the association of a turbo-code [1] with a bandwith-
efficient modulation. It is shown that the new coding scheme
provides a substantial coding gain both on Gaussian channels
and Rayleigh channels. On a Gaussian channel, it outperforms
64-state trellis-coded modulation (TCM) by 2.5 dB at the bit
error rate (BER) of 10°6. On a Rayleigh fading channel, it
outperforms 64-state TCM optimized for that environment.

1-INTRODUCTION

Turbo-codes, newly introduced by Berrou et al [1],
are binary error-correcting codes built from the parallel
concatenation of two recursive systematic convolutional codes
and using a feedback decoder. Simulations over a Gaussian
channel, using binary modulations (2-PSK or 4-PSK), have
shown that turbo-codes possess an error-correcting capability
unmatched at the present time.

In order to improve the transmission spectral
efficiency, it is interesting to combine turbo-codes with a
bandwith-efficient modulation. In this paper, we investigate in
particular combining a turbo-code of rate R with QAM
constellations, over Gaussian and Rayleigh channels. This
approach can be considered as an alternative to the
conventional Trellis Coded Modulation (TCM). It is generally
simpler to implement and moreover results in better
performance than TCM, on both Gaussian and Rayleigh
channels.

2 - TURBO-CODES PRINCIPLE

Turbo-codes result from concatenation of two
recursive systematic convolutional (RSC) codes. In Fig. 1, an
example of a rate R =1/3 standard turbo-encoder is shown.
Two RSC elementary encoders C; and C,, with the same

constraint length K =5 and the same polynomial generators
(23, 35) are used. Both elementary encoder C; and C, receive

the same information string {dk} but arranged in a different

sequence due to the presence of an interleaver I and a delay
line L. Given an input bit d,, the encoder outputs at time &
are equal to d, itself since encoding is systematic, and the

outputs c,l( and cf of the elementary encoders C; and C,.
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Figure 1 Rate R=1/3 standard turbo-encoder

The turbo-decoder is made up of P pipelined identical modules
as depicted in Fig. 2 and thus the turbo decoder structure is
modular [1]. The pth module input at time k is made up of
demodulator outputs (X;),_; and (Y;), through a delay
line and of extrinsic information (Z;),_, provided by the
(p-1th module. Extrinsic information (Z,),; is new
information concerning bit d, but affected by a noise weakly
correlated with the noise that perturbs the observations
(X,),., and (¥;),-,. Therefore extrinsic information and

observations provided by the demodulator can be used jointly
by the (p-1)th module for carrying out a new decoding of bit
d, . The extrinsic information acts as a diversity effect and can
therefore improve the decoder performance. Each module
consists of two elementary decoders (DEC1 and DEC3) in a
serial concatenation scheme. Both elementary decoders
provide a soft decision and use a low complexity soft output
Viterbi algorithm [2].
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Figure 2 Turbo-decoder with P pipelined identical modules



3 - ASSOCIATION OF A TURBO-CODE WITH A
MULTILEVEL MODULATION

We now consider the association of M-state QAM or

PSK (M =2") modulation and rate R=(m—m)/ m encoder
built from a standard turbo-encoder by using puncturing
technique as depicted in Fig. 3.
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Figure 3 Asociation of a turbo-code with a multilevel
modulation

The puncturing function is inserted at the standard turbo-
encoder output and thus it is possible to obtain a large code
family, with various rates R. In order to obtain symbols
affected with uncorrelated noises at the turbo-decoder input,
an interleaver I has to be inserted between the puncturing
function and the modulator. With this approach, the
transmission spectral efficiency 77 is equal to :

n= RLog,M o
Each point of the QAM (or PSK) constellation is represented
by a couple of real-valued symbols {Ak,Bk} at time k£ coded
by a set {uk,i}’ i =1....m of m bits according to a Gray code.
The redundant bits provided by the punctured turbo-encoder
are associated to the highest protected bit u, ;.

For example, for a 16-QAM constellation with Gray coding
depicted on Fig. 4, and for a rate R=3/4 turbo-encoder,
parameters m and /m are respectively equal to 4 and 1.
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Figure 4 16-QAM constellation with GRAY coding

According to notations of Fig. 3, we have

R . N | - .
W =dy;;i=2,3,4; w,=c,, and then U = dyaris

=234 u, ) = c,fHJ and so on.

4 - RECEIVER AND TURBO-DECODER STRUCTURE

Consider a coherent receiver, the in-phase and
quadrature demodulator outputs X, and Y, are equal to :
X, = A+, @
Yo =B, +Q
where a; is a Rayleigh random variable for a Rayleigh
channel and a constant equal to 1 for a Gaussian channel, and
1,0, are two uncorrelated gaussian noises, with zero mean,
variance Oy and independant of variable o .

We assume that a pragmatic approach [3] is taken, so that the
input turbo-decoder is made up of soft decisions associated to

each turbo-encoder output bit. From observation of {X;,Y,},

the Logarithm of Likelihood Ratio (LLR) associated with each
bit u,;, i=1....m can be determined and used as a relevant

soft decision by the turbo-decoder as depicted in Fig. 5.
Pfug, =1/ %%}
P{u,;=07X,.%}
where K is a constant.

Ay ;) = KLog i=l..m 3)

X, Aluy ) A(dy)

—> — -
D m
o LLR deinter u Turbo
a A e |AGeD d,
u comp n 1 [
| F
a
t module leaving i decoder|
;| Al m) e e

> r

Figure 5 Pragmatic decoder structure

Unfortunately, the computation of m quantities A(x, ;) leads

to relatively complicated expressions which depend on signal-
to-noise ratio (SNR) and channel characteristics (Gaussian or
Rayleigh channel). Nevertheless it is possible to approximate
these expressions by simpler relations. For example consider

the case of square M-QAM constellations with M =2™ and
m=2p.
4 - 1 Gaussian channel

By taking into account the fact that the observation
{Xk, Y k} is affected by two independant gaussian noises with

identical variance oy, and using Bayes' rule, the LLR Au )
associated to bit u; ;, i =1.... p depends only on observation
X,.
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27! 1
Zexp{——zo_z (X - al',-)z}
A ;) = KLog 1% X i=l..p (4)

Eexp{—ﬁ(&c - ao,i)z}
where a;; and a,; respectively represent the realization of
symbols A, conditionally on u, ;=1 and u; =0. In the
same way, the LLR associated to bit u; ;, ,, i =1.... p depends
only on observation Y, and has the same expression as
A(w;) but with Y, substituted for X,, and b ; and by ; for
a,; and a,; respectively.

A good approximation of the LLR Ay ;) for K= 0'12v /2
can be achieved using the following expressions :

AQuy ) =X, |- 277"

Al ) = [AQuy ;)| =277, i=2....(p-1) (5-a)
Al ) = X,
and :
A(uk,l+p) = IYkI -2
Altginp) = A1) =277, i=2..(p-1)  (5b)

Ay, =Y
In Fig 6, the LLR A(y, ;) associated to bit Ui 1=1,2 is
plotted for a 16-QAM constellation and for a E, / N, = 4 dB,
where E, is the energy received per information bit and N,
the one-sided noise power spectral density.
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Fig. 6 shows that relations (5-a, 5-b) appear to be good
approximations to the LLR even for rather low SNR values.
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Figure 6 Logarithm of the Likelihood ratio corresponding to
bit uy j, i=1,2 for a 16-QAM modulation at Ep/Ny=4dB
(Full line LLR from relation 4; dashed line LLR from
relations 5-a, 5-b)

Unfortunately, with the pragmatic approach, the LLRs Alu ;)
associated to bits

W isps L=1....p ) are affected by correlated noises, which

U, i=1...p (respectively bits
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accounts for the interleaver inserted after the puncturing
function (Fig.3). Moreover, in the general case, for a given
couple (A, B), the A(u, ;) variables are not gaussian except
for i=p and i=2p and thus the soft-output Viterbi
algorithm used in each elementary decoder-DEC| and DEC; is
no longer optimal. Nevertheless for large SNR values, the
A(w ;) variables are close to gaussian variables with the same

variance, and therefore the turbo-decoder performance is still
quite attractive with the pragmatic approach.

4 -2 Rayleigh channel

We assume a memoryless Rayleigh fading channel
whose o, is known by the receiver. Under this asumption,

relations (2) can be normalized by «, . That is :

X, = A+
@)
Ve =B+ g
where :
X, . 1
xk=_k,}'k=—kandlk=—kal]k=& 8)
Q, Oy, (273 (o1}

Relations (7) are similar to those obtained over a Gaussian
channel, but i, and g; are now nonstationary noises whose

variance depends on time k through variable a .

)2 2
Ea )’} Ey{(@)] ©)
If we use relations (5-a) and (5-b) to determine simpler
expressions for the LLR, we have now to take into account the
variance of noises i, and g, for the metric computation M}
in the low complexity soft-output Viterbi algorithm.
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M= iAw )2 j=-iLLi=1..p  (10)
Oy

With the pragmatic approach, the turbo-decoder structure is

optimized for binary transmission (2-PSK or QPSK) over a

Gaussian channel. Thus the metrics used in the turbo-decoder

are independant of the noise variance and are equal to :

Ml = jA,) j=-11 (11)
By using the following notations :
Ay ,;) = a2 AQuy) i=l..
ki k ki (12)

Al ip) = 0GAGH11p) = lip
the metric (10) can be evaluated from relation (11) by

substituting A(.) for A(.). Thus the turbo decoder optimized
for a Gaussian channel, is also optimal for a Rayleigh channel

if 1~\(u,m-) is used as the LLR expression.

5 - RESULTS

A rate R =1/3 standard turbo-encoder, made up of two
elementary encoders with the same constraint length K =5 and
the same polynomial generators (23,35) is considered in the
following simulations. For different spectral efficiencies
obtained by puncturing redundant bits at the standard turbo-
encoder output, we have computed the Bit Error Rate (BER)
using the Monte Carlo method as a function of E,/N,. In

order to compare the performance of this new coded scheme



with conventional TCM, we have also plotted the BER of the
64-state TCM and of the equivalent uncoded modulation
(providing the same spectral efficiency).

5 - 1 Gaussian channel

The nonuniform interleaver 1; is composed of a
(64x64) matrix whereas the uniform interleaver I uses a
smaller matrix, with p rows and a number of columns equal to
several times the encoder constraint length K. Turbo decoding
is performed in 3 iterations and the BER curves, for a spectral
efficiency of 2, 3, 4 bit/s/Hz, are plotted in Figs. 7 t0 9.
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Figure 7 BER of a rate R=1/2 turbo-code associated with a
16-QAM versus Ep/Nq over a Gaussien channel
(2bit/s/Hzpectral efficiency)
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Figure 8 BER of a rate R=3/4 turbo-code associated with a
16-QAM versus Ep/Nq over a Gaussien channel (3bit/s/Hz
spectral efficiency)

We can notice that for both spectral efficiencies considered
and for a BER less than 1073, the turbo code performance is
always better than the 64-state TCM. The main results
obtained, in terms of coding gain (expressed in dB) are
indicated in the table 1. Thus, for a 3bit/s/Hz spectral
efficiency and a 16-QAM constellation, the turbo code gives a
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coding gain equal to 2.5 dB compared to a 64-state TC 8-PSK
at a BER equal to 1076,
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Figure 9 BER of a rate R=2/3 turbo-code associated with a
64-QAM versus Ep/Ng over a Gaussien channel (4bit/s/Hz

spectral efficiency)

For higher spectral efficiencies (>3bit/s/Hz) the coding gain is
weaker, but we can see that the BER slope is still larger with a
turbo-code than with 64- state TCM.

We have also evaluated the performance of a rate R =2/3
turbo-code associated with a 8-PSK (2 bit/s/Hz spectral
efficiency). The coding gain is smaller than with the rate
R =1/2 turbo-code associated with 16-QAM. However the
turbo-code solution always gives a better performance than the
conventional 64-state TC 8-PSK.

Finally, we have checked the usefulness of interleaver Iy over
a gaussian channel. Indeed without the interleaver I3, the
A(uy ;) at the DECI input are just correlated over p values

and thanks to interleaver Iy, the samples at the DEC2 input are
almost uncorrelated. Therefore, it is possible to drop the
interleaver I over a gaussian channel.

Turbo code rate 12 23 3/4 2/3

Modulation 16-QAM | 8-PSK | 16-QAM | 64-QAM

Spectral efficiency 2 2 3 4
, . -6
Coding gain at 10
over uncoded

modulation 6.0dB 5.5dB 7.8dB 5.8dB
Coding gain at 1070
over 64 state TCM 24dB 1.9dB 2.6dB 2.2dB

Table I Coding gain at a BER equal to 1076 for a turbo-code
over a Gaussian channel



5 - 2 Rayleigh channel

The curves of BER for a spectral efficiency equal to
2, 3 and 4 bit/s/Hz, are plotted in Figs. 10 to 12 as a function

of E, /N, where :

E, =20’E, with E{af}=20"=1 (13)
We have also plotted in Fig. 11 the BER of a 64-state TC 16-
QAM [4], and respectively in Figs. 10 and 12 the BER of a
trellis-coded 4-ASK and 8-ASK multilevel modulation with 64
states [5].
The turbo decoding is performed in 4 iterations and the
uniform interleaver I is now made up with a matrix having 2p
rows (the same number of columns as for the Gaussian
channel) in order to obtain uncorrelated Rayleigh variables o,
at the decoder DECI1 input. We can see that over a Rayleigh
channel, the interleaver I is necessary to achieve the best
performance.
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Figure 10 BER of a rate R=1/2 turbo-code associated with a
16-QAM versus Ep/N( over a Rayleigh channel (2bit/s/Hz

spectral efficiency)
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Figure 11 BER of a rate R=3/4 turbo-code associated with a
16-QAM versus Ep/Ng over a Rayleigh channel (3bit/s/Hz
spectral efficiency)
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Figure 12 BER of a rate R=2/3 turbo-code associated with a
64-QAM versus Ep/Ng over a Rayleigh channel (4bit/s/Hz
spectral efficiency)
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In all considered cases, the turbo-codes provide a better
performance than the 64-state TCM, when the BER is less
than 10-3. For example for a spectral efficiency of 3 bit/s/Hz,
the coding gain compared to 64-state TCM (codes of DU and
VUCETI [4]) is equal to 9.5 dB!

6 - CONCLUSIONS

In this paper we have presented a new coding scheme
using the association of a turbo-code with a quadrature
amplitude modulation. For both Gausssian and Rayleigh
channels, the performance of this new error correcting scheme
is always better than the 64-state TCM, at BER values less

than to 10-3. The high performance of this new error
correcting scheme is essentilly due to the good distance
properties of the turbo-code which are obtained using a
nonuniform interleaver I;. Moreover, with a pragmatic
approach, the turbo-decoder structure depends neither on the
M parameter nor on channel type, and therefore, a single VLSI
decoder can be suitable for both spectral efficiencies. Finally a
turbo-code associated to M-QAM also makes high speed links
possible since a turbo-decoder with 16-state trellis, is much
simpler to implement than a 64 state TCM.
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