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10. Digital Communications over Multipath Channels

Throughout this module, we have so far exclusively focused on communications over AWGN
channels. However, in the case of wireless communications, the AWGN channel is not the most
realistic channel model. Instead, wireless communication channels are often more accurately

modelled as fading channels.

In wireless communications, the transmitted signal reaches the receiver through several paths.
As a result, the receiver must process several randomly-attenuated and randomly-delayed
versions of this signal as illustrated in the figure below. The interference between these versions
of the same signal at the receive antenna can be either destructive, meaning that the signal
versions tend to cancel each other, or constructive, which occurs when the resulting combined

signal is stronger than each version taken separately.

Several replicas of the
o transmitted signal reach
Building the receiver via different
paths (= multipath

channel)

Building

ags(t —tp)

Building

Signal s(t)

Transmitter Receiver

Building

When there is no line

of sight between Building

transmitter and

receiver, the channel Building

can be modelled as The received signal is the sum of these

a Rayleigh fading replicas: r(t) = aps(t — 19)+a;s(t —1q) +
channel (worst-case a,s(t —1,).

scenario).

The attenuation coefficients a,, a;, and a, are random.
The time delays t,, 7,, and 7, are random.
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Obviously, we are more particularly worried about the destructive nature of the interference
since its detrimental effect can sometimes make the signal completely undetectable by the

receive antenna.

Because signal transmission happens via several paths, such channel is said to be a multi-path

channel.

In this chapter, we are going to revisit the principles of operation of a digital communication

receiver by assuming that the latter is used in conjunction with a multipath channel.

We have represented below the generic structure of a digital communication receiver.

Baseband
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' D
i . Ap E
\r o x | Matched filter - . >
! (ERES), | > '\J Received
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(m =5, here)

The received signal must be amplified since the signal power received by the antenna is usually

1

PA |—> Received signal r(t)

quite low.
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A significant amount of noise is added to the received signal at this stage. This noise originates
from the movement of electrons inside the connections and components of the radio-frequency
(RF) power amplifier used at the front-end of the radio receiver. This amplifier is often referred

to as a low-noise amplifier.

It is necessary for a low-noise amplifier to boost the desired signal power while adding as little
noise and distortion as possible in this process so that the retrieval of the transmitted symbols
C, is possible in the later stages of the receiver. This is in fact at that stage that a white Gaussian

noise process n(t) is added to the received signal.

In radio channels, the additive white Gaussian noise (AWGN) is not the only disturbance that
affects the transmitted signal s(t). In fact, many wireless channels are subject to interference

that is even more detrimental to communications integrity than the AWGN:

(1) Interference among different users. We talk here about phenomena such as multi-user
interference and co-channel interference that are beyond the scope of a first course on digital

communications.

(2) Interference among several randomly-attenuated and randomly-delayed versions of the
same signal. This kind of interference is typically present in fading channels. This is precisely
the topic of this chapter.

(3) Interference among successive symbols carried by the same signal. This is known as inter-
symbol interference (ISI). This issue will also be addressed in this chapter as many fading

channels are affected by ISI.

Throughout this chapter, we will assume that the channel is a multipath channel with L paths,

i.e., the received signal r(t) present at the low-noise amplifier output is given by

r(t) = Yt ais(t — 1) + n(t),
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where n(t) is a zero-mean Gaussian random noise process with constant power spectral
density (PSD), i.e., &,(f) = % for all frequency values. The quantities a; and t; represent the

attenuation and the delay of the transmitted signal when the latter travels via path [ €
{0,1,...,L — 1}.

e Signal present at the in-phase mixer output

cos(2mfyt) We focus for now on the in-phase
l / component of the received signal
Y
l r(t
PA ©
M x —>

T

cos (anot + %)

First, we are going to focus on the in-phase component of the receiver.

To obtain the base-band signal m;(t), which is an estimate of the base-band signal m;(t)
present at the transmitter side, one has first to demodulate the signal r(t) by mixing it with a

locally-generated carrier signal cos(2mfyt).

The expression of the received signal can be written as follows:
r(t) = Y23 ay X% A h(t — KT — 1)) cos(2mfy(t — 7)) — Bih(t — kT — 1)) sin(2nfo(t — 7)) +
n(t).

The signal at the in-phase mixer output is then expressed as
7(t) - cos(2mfyt) = Yizd ay XFSo[Ak cos(2nfy (t — 1,)) cos(2mfyt) — By sin(2mfy(t —
rl)) cos(2nf0t)] h(t — kT — ;) + n(t) cos(2nfyt).
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We remember that

cos(a) cos(b) = =-[cos(a + b) + cos(a — b)]

and sin(a) cos(b) =

1
2
% - [sin(a + b) + sin(a — b)].

We thus obtain the following expression:
r(t) - cos(2nfyt) = %Zf;ol F 2 ai|Agcos(2nfy (2t — 1)) + Agcos(2mfyt;) — Bysin(2mf, (2t —

rl)) + Bksin(ZrthTl)] h(t — kT — 1;) + n(t) cos(2rfyt).

We now need to find the characteristics of the noise n;(t) = n(t) cos(2nfyt) present at the in-
phase mixer output. We must remember that, at any time t, n(t) is a random variable as n(t)
is a random process, whereas cos(2mf,t) is simply a number as cos(2mf,t) is a deterministic

signal.

The noise process n;(t) has the same distribution as the noise process n(t) since multiplying
a random variable by any number does not have any effect on the shape of its probability

density function.

Recall that n(t) is Gaussian with a mean equal to zero. Therefore, n;(t) is also Gaussian with
a mean m given by
m = E{n;(t)} = E{n(t)} - E{cos(2rfyt)} = E{n(t)} - cos(2nfyt) = 0.

We also need to know whether n;(t) is a white noise process. One way to answer this question

consists of determining its autocorrelation function.

The autocorrelation function, an(t), of the random process n;(t) can be computed as follows:

Ly (@) = E{ni(0) - n(v — 0} = E{n(v) - n(z — 1)} - E{cos2mfyT) - cos(2mfo[r — t])}

1

= 2 L(®) - [Edlcos(@nfyt)} + Exfeos(2nfy 27 — ))] = 3 1,(0) - cos(2nfyt)
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= % - 8(t) - cos(2mfyt) = % - 8(t) - cos(0) = % L 8(0).

This is the autocorrelation function of a white noise process with a power spectral density

D () = % for all frequencies. Hence, n;(t) is a white random process.

e Signal present at the quadrature mixer output

We are now going to focus on the quadrature component of the receiver.

cos(2mfyt)
Y
| We now focus on the quadrature
PA r () component of the received signal
> x b—> /

T

cos (anot + g) = —sin(2rfyt)

To obtain the base-band signal mg(t), which is an estimate of the base-band signal m,(t),

present at the transmitter side, one has first to demodulate the signal r(t) by mixing it with a

locally-generated carrier signal cos (anot + g) = —sin(2mfyt).

Recall that the expression of the received signal is given by
r(t) = Y23 ay T A h(t — KT — 1)) cos(2mfy(t — 7)) — Bih(t — kT — 1)) sin(2nfo(t — 7)) +
n(t).

The signal at the quadrature mixer output is then expressed as
—7(t) - sin(2rfyt) = Yi2d XiS —aiAr h(t — kT — 1;) cos(2nfy (¢t — 1)) sin(2mfyt) +
a;Byh(t — kT — ;) sin(2nf0(t — Tl)) sin(2rfyt) — n(t) sin(2nfyt).
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We remember that

cos(a) sin(b) = =- [sin(a + b) — sin(a — b)]

and sin(a) sin(b) = = [cos(a — b) — cos(a + b)].

NIF R

We thus obtain
—r(t) - sin(2rfyt) = %Zf;ol P al[—Aksin(anO(Zt - Tl)) — Aisin(2rfyt;) — Bkcos(anO(Zt -

Tl)) + Bkcos(anOTl)] h(t — kT — t;) — n(t) sin(2rfyt).

We need to find the characteristics of the noise ng,(t) = —n(t) sin(2nfyt) present at the
quadrature mixer output. We must remember that, at any time t, n(t) is a random variable as
n(t) is a random process, whereas sin(2rfyt) is simply a number as sin(2rfyt) is a

deterministic signal.

The noise process n,(t) has the same distribution as the noise process n(t) since multiplying

a random variable by any number does not have any effect on the shape of its probability

density function.

Recall that n(t) is Gaussian with a mean equal to zero. Therefore, ng(t) is also Gaussian with

a mean m given by

m = E{n; ()} = —E{n()} - E{sin(rf,0)} = —E{n(t)} - sin(2rf,t) = 0.

We also need to know whether ng(t) is a white noise process. To do so, we are going to

determine its autocorrelation function.

The autocorrelation function, an(t), of the random process ng(t) = —n(t) sin(2nf,t) can be

computed as follows:

L (©) = Er{ng(0) - ng(r = )} = E{n(0) - n(t — )} - E{sin(2nfo7) - sin@rfylr — ¢}

= 2 L0 - [Exfeos(2nft)) — Ey{cos(2rfy[2t — )] = 5 F,(6) - cos(@nfyt)
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= % - 8(t) - cos(2mfyt) = % - 8(t) - cos(0) = % L 8(0).

This is the autocorrelation function of a white noise process with a power spectral density

P ) = % for all frequencies. Hence, ng(t) is a white random process.

e Are n;(t) and ng(t) independent random processes?

To answer this question, we must first realise that the random processes n;(t) and ng(t) are

jointly Gaussian. In other words, any linear combination of them is Gaussian. It is indeed easy
to see that a random process defined as

ani(t) + B ng(t) = n(t) [a cos(2mfyt) — B sin(2mfyt)],

where a and 8 designate two arbitrary real numbers, is Gaussian.

If two jointly Gaussian random processes are uncorrelated, then they are independent. So, to

prove the independence of n;(t) and ng(t), we now need to show that these two jointly

Gaussian random processes are uncorrelated.

The correlation between the random processes n;(t) and ng(t) can be determined by showing

that their cross-correlation function, I,y .. (¢), is such that

Lot (0) = E{nj(®) - ny(r — )} = E.{nj(0)} - E.{n{(z — ©)}.

As nj(t) and n}(t) have means equal to zero, we have E {n{()} = E,{n,(t — t)} = 0 here. So,

to prove that n(t) and ng(t) are uncorrelated, we must show that an,ng (t) =0,Vt.

The cross-correlation function I nl (t) can be computed as follows:
i

an’n& (t) = ET{ng(T) ng(T — t)} = —E {n(t) - n(t — t)} - E{cos(2nf,y7) - sin(2nfy[t — t])}

=- % L@ - [E{sin@@rfol27 — t])} — E-{sin(2rfyt)}] = % - L (t) - sin(2mfot)
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= % -8(t) - sin(2ufyt) = % . 8(t) - sin(0) = 0.

As the cross-correlation function I s nl (t) is equal to zero for all values of t, we can state that
P

the random processes n;(t) and ng(t) are uncorrelated. As they are also jointly Gaussian, we

then conclude that they are independent.
e Expression of the in-phase baseband signal m;(t)

The signal present at the in-phase mixer output then goes through a low-pass matched filter

with an impulse response h(T, — t) and a transfer function H*(f) - e /2™,

At the in-phase filter output, we obtain the base-band signal m;(t) given by

mi(t) = %ZzL;ol Y% alAgcos(2rfyt) + Bysin(2ufor;)] h(t — kT — 1) * h(T, — t) +nj(t) *

h(T, —t).
cos(2mfyt)
p X > S 7l e —» Base-band signal m;(t)
(low-pass)
) t
PA r®
. .| Matched filter ) : /
» x > " (low-pass) — Base-band signal my(t)
1 T
cos (27rf0t + E)

Let us focus first on the first term in this expression. It can easily be shown that the Fourier

transform of the term h(t — kT — ;) * h(T, — t) is given by
H(f) e~ J2nf(kT+T)) H*(f) LeJ2nfTy — H(f) . H*(f) . e—jZn’f(kT+‘L'l+Tp) — G(f) . e—jan(kT+‘L'l+Tp)’
with G(f) = [H(f)]*.

This result is the Fourier transform of a term g(¢t — kT — 1, — T,), with g(t) = h(¢) * h(—t).

10
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We then obtain

mi(t) = %Z%iﬁ_l Yo ailAgcos(2rfyr) + Bysin(2nfot))] g(t — kT — 1, — T,) +nj(t) * h(T, — t).

Remarkably, this equation can be re-written in a more concise and elegant form as
mi(t) = %Zf;ol r aR[Cee 20T g(t — kT — 7, — T,,) +nj(t) * h(T, — t),
which is equivalent to
mi(t) = % F Y R[Craje I MoTig(t — kT — 7, — T,)| +ni(6) * h(T, — t),
which yields

mi(t) =R [ZZS’O Z%;&%Ckale_fz”foflg(t — kT — 1, — Tp)] + n'(t).

The fact that the pulse h(t) has been replaced by another pulse g(t) in the transmitted signal

component merely reflects the distortion effect due to the low-pass matched filter.

Let us now determine the characteristics of the noise n}’'(t) = n}(t) * h(T, — t) present at the

matched filter output.

The noise process n;'(t) is not white because the matched filter is also a low-pass filter.
However, n;'(t) is Gaussian with zero-mean since linear filtering of a zero-mean Gaussian

process produces another zero-mean Gaussian process.

The variance of n;'(t) is not infinite because n;'(t) is not a white noise process. We thus need
to evaluate the variance n;'(t). To do so, one can start with the definition of the variance of a
random process: o2 = E{[n}'(t)]?} — [E{n]'(£)}]? = E{[n] (t)]*} as E{n]'(t)} = 0.

As the term E{[n}'(t)]?} is also the value of the autocorrelation function an’(t) of n;'(t) at time

t =0, we have g2 = L, (0).

11
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We also know that anf(t) Is the inverse Fourier transform of the power spectral density fDnlg:(f ).

Therefore, we can write 0* = [, (0) = e @, (F)df.

We can use the expression giving the PSD of a random process at the output of a linear filter

H*(f) - e ™72 To: i (F) = D (F) - [H(F) - e 2T |* = 0, () - IH(PI? = 2 G (F).
We thus have ¢2 = f:: @, (fdf = % : f_t: G(f)df.

As G(f) is the Fourier transform of g(t), it is easy to show that the term ff; G(f)df is simply

the value of g(t) attime t = 0: g(0) = ff;o G(f)df = Ep.

NoEp
4

This finally leads to the expression g% = %g(O) = , Where E; designates the energy of the

pulse h(t).
e Expression of the quadrature baseband signal m(t)
Like its in-phase counterpart, the signal present at the quadrature mixer output goes through a

low-pass matched filter with an impulse response h(Tp - t) and a transfer function H*(f) -

e—janTp_

cos(2mfyt)
p| x > METESeNIET ——» Base-band signal m;(t)
(low-pass)
pa |7
_ .| Matched filter ) - /
» x >[I — — Base-band signal my(t)
T
T
cos (anot + E)

12
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At the quadrature matched filter output, we obtain the base-band signal mg(t) given by
mq(t) = %Z%;ol Yo al[-Arsin(2ufyt,) + Brcos2mfor)] h(t — kT —1;) * h(T, — t) +ng (t) *

h(T, —t).

As for the first term in this expression, it can easily be shown that the Fourier transform of the
term h(t — kT — 1;) = h(T, — t) is given by

H() - e~ j2nf(kT+1) H*(f) - e~ J2nfTy — H) - H*(f) - e J2mf(KT+T+Tp) — G(f) - e—jZT[f(kT+Tl+Tp)’
with G(f) = [H(P)I2.

This result is the Fourier transform of a term g(¢t — kT — 7, — T,), with g(t) = h(¢) * h(—0).

We then obtain

mi(6) = LI ST, 4, [~ Asin(2nfyn,) + Bycos(2nfyr)] g(t — kT — 1, — T,) + 1 (8) *

h(T, —t).

This equation can be re-written in a more concise and elegant form as

my(6) = 5450 ThZ aS[Cee20mg (¢ = KT — 7, = T,) +mg (6) « h(T, — ¢),
which is equivalent to

mi () = 1545 548 [ Ceaie 7 on g (¢ — kT — 1, = T,)] + i (6) = (T, — 1),
which yields

lJ o~ (o] -11 —7 17
mg(t) =3 [ng:O YiZo; Crase jzmfotig(t — kT — 7, — Tp)] +ng (t).

The noise ng (t) = ng(t) * h(Tp — t) present at the matched filter output is no longer white, but

still Gaussian with a mean of zero since linear filtering of a zero-mean Gaussian process

produces another zero-mean Gaussian process.

The variance of n}'(t) is not infinite. Instead, we can show that it is given by ¢% = @. The

demonstration of this result is identical to that developed in the previous section.

13
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e Expression of the complex baseband signal m'(t) = m;(t) + jmg(t)

It is possible to combine m;(t) and mg(t) into a single complex baseband signal m'(t) whose
expression is

m'(0) = mi(©) + jm{(t) = k% Ttz 5 Ceae T2 Tig (£ — KT — 7, = T,)) + 1" (8).
where n" (t) = n;'(t) + jng (t) designates a complex zero-mean Gaussian noise process with

. NoE . . NoE
a variance 202 = OTh This means that the variances of n;’(t) and n; (t) are 6% = 2k

From now on, we are going to adopt this notation as it is not only very elegant but also allows

us to jointly process both in-phase and quadrature components.
e Sampling of the complex baseband signal m’(t)

The complex baseband signal m'(t) is then sampled at times t = pT + 75 + T,, where p is an
integer, to obtain estimates C, = A, + jB, of the complex symbols C, = A, + jB, that were

transmitted at times t = pT. These sampling times have been determined by the receiver to

account for the transmission delays 7y, 71, ..., Tj—1-

cos(2mfyt)
l Matched mi(®)
o » _/ !
\r g e | filter > Ay
r(t) Sampling at times
A t=pT+1,+T,
R | Matched - B’
gl | fiter [ (t)_’ v
¥ q
T
cos (27tf0t + E)
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Assuming, for simplicity’s sake, that the delay 7, corresponds to the fastest path whereas the
delay t;_; is associated with the slowest path, we typically have 7, < 7, < 1,_; because it
makes sense to sample the baseband signal any time after the arrival of the fastest path and

before that of the slowest path.

Attime t = pT + 75 + T,, , we can thus write

! ! o) -11 —j 7
Cp =m/(pT + 75 + Tp) = TS Lie 5 Ceare 7207ig((p — KT + 75 — 1) + "' (pT + 75 + T,

Now, we need to remember that the pulse g(t) satisfies the Nyquist criterion, i.e., we have

g((p — k)T) = 0 for any p # k. Typically, g(t) is a raised-cosine pulse expressed as

_ 1 gine (™. D)
gt) = 7 sinc (?) : T
T

where the parameter «, called roll-off factor, can take any value in the range from 0 to 1.

11 T-g(t)
Lo [ A
09t RS S B —
T . . S D N S
bo___so=4L HENR I o N N e U o ;
ol amers N
PR TN B 1A
R
03 ez LN
A5 [ R NS L U S R
0.1 Foi-—+A P XA o
0.0 ; .
-0.1 1L A \'S /il Iy oo TS
02 b M Mo
03 Lot b e
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In the expression of C,,, we notice that the L terms g((p — k)T + 15 — Tl) cannot all be equal to
zero when p # k, since we have t, # 1; for at least (L — 1) paths. This implies that the multipath
channel can generate inter-symbol interference (I1SI) because a sample C;,, which should only
depend on the symbol C, transmitted at time ¢t = pT, is also going to be dependent on the other
adjacent symbols ..., C,_,, Cp—1, Cps1, Cps2, ... in the transmitted sequence. This ISl is going to

significantly degrade the error performance of our communication system.
e Flat fading channel (delay spread At < T)

However, if we assume that |t; — 1;| < T for all paths, then we have
g((p — KT + 15 — ‘L'l) ~ g((p — k)T), vi e{0,..,L—1}

Under this assumption, we can thus write
Cp=m'(pT +15+T,) ~ Z,Jgf_oo%Ckg((p — K)T) X3 ape /207 + 0" (pT + 75 + Ty,
which is equivalent to

Cp ~ %Cp Yot aieIAmn + 0" (pT + 75 + Ty).

In this case, the ISI can be considered as negligible since the sample C,, almost only depends

on the transmitted symbol C,,.

The L conditions |z, — 7| & T, VI €{0,...,L — 1}, can be combined in a single condition: the
delay spread, At, defined as the time difference between the slowest path (corresponding here
tol = L — 1) and the fastest path (corresponding here to [ = 0), is much smaller than the symbol

period T,i.e.,, At =1,_1 — Ty <L T.

A multipath channel for which the delay spread is such that At «< T is said to be non-frequency-
selective or, more generally, flat. Later, we will see that the only effect of the channel in this
case, apart from the addition of the usual Gaussian noise, is to randomly amplify or attenuate

the transmitted symbols. Hence, when At K T, the channel does not generate any linear

16
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filtering effect on the transmitted signal s(t), i.e., does not filter out any particular frequency

components from s(t).

As a summary, for a flat multi-path channel, the sample C;, obtained attime t = pT + 17, + T, is
given by
' , E _ i
Cp=m'(pT + 15 +T,)) ~ =LC, Tizg e ™2™t 4y,
. . . . . 2 N()Eh .
where n, is a complex zero-mean Gaussian noise sample with a variance 20° = —,—» Mmeaning

that the variances of its real and imaginary parts are 2 = N°4Eh.

Consider transmission over a two-path wireless channel with 7, = 0 and t; = A7, where At

clearly denotes the delay spread of this multi-path channel.

The expression of the complex baseband signal m’(t) generated by the matched filters is given
by
m'(t) = Y55, }zO%Ckale‘jZ"ﬁ’”g(t — kT —1,—T,) +n"(t).
This equation can be developed as
m'(t) = ,tfoéckaoe‘ﬂ”fofog(t —kT =79 —T,) + ZZSO%Ckale‘jZ”foflg(t —kT =1, —T,) +

n'(t).

By introducing the notations @, = age /2% and a; = a,e /> to lighten the expression of

m'(t) and remembering that 7, = 0 and 7, = At, we obtain

m'(t) = %455 Celog (t — KT — Tp) + Xk %5 Ce@rg(t — kT — At — T,) + 0" (t).

By sampling this baseband signal at time ¢ = pT + 7, + T,, with 7, = 7, = 0, we obtain an

estimate C,', of the transmitted symbol C,:

17
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Cp = m'(pT + 75 + Tp) = %55 Ceog (0 — KIT) + 2455 Gearg (0 — IOT — AT) +

n"(pT + 75+ Tp).

Using the fact that g(t) is a raised-cosine pulse, we obtain
Cp = 29 (0) + k%3 Cia@ng ((p — IOT — AT) + 1y,
which can be further developed as
' 1 — — 1 — 1 N
C, = ECp(aOg(O) +a;g(—At)) + - + 5 Cp—201g (2T — A7) + 2 Cp_qayg(T — A7) +

1 — 1 —
S Cpy1 @ g(=T — A1) + 5 Cpy o @ g (—2T — A7) + -+ + 1y,

This expression shows that the sample Cz', depends on the symbol C,, as it should be, but also
on the other transmitted symbols ...C,_,, C,_1, Cy41, Cp42 ... Such inter-symbol interference (ISI)

can be very detrimental to the transmission reliability.

To remove (almost all of) this ISI, we must ensure that g((p — k)T — Ar) ~ 0 for p # k. In other
words, we must have .. g(2T — A1) ~g(T — A1) ~g(—T — A1) ~ g(—2T — A1) ~ ...~ 0. All

these conditions can be jointly satisfied if the delay spread is such that At < T.

Provided that At « T, we can finally write C,', ~ %Cpg(O)(a_0 + a;) + n,, which indicates the

absence of ISl in this case.

Each term a; = qe /2™ | €{0,..,L — 1}, represents the outcome of a complex random
variable whose probability density function is unknown. Recall that the quantities a; and 1,
represent the attenuation and the delay of the transmitted signal when the latter travels via path
lef{o,1,..,L —1}.

By applying the central-limit theorem, we can state that the sum Y/ @, is a Gaussian sample,

even though each term a; does not necessarily follow a Gaussian distribution. This result is

valid provided that all individual terms a;, I € {0, ..., L — 1}, are independent and follow the same
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distribution, and the number L of paths is assumed to be sufficiently large. All these are realistic

assumptions in radio channels.
e Flat fading channel model (At < T)

We can thus write that, for a flat fading channel, the sample C,; obtained by sampling the

baseband signal at time t = pT + 75 + T, is given by

o Ep
Cp = Wy 7Cp + Np,
where w, = wp 1 + jwy, = Y-+ a, denotes a complex Gaussian sample with a mean and a

variance that will be specified later, whereas n, =n,, + jn,, is a complex zero-mean

NoEp

. . . . N,
Gaussian noise sample with a variance 262 = 2 g(0) =
2 2

We can see that the symbol C, transmitted at time ¢ = pT is affected by both an additive noise
component n, as well as a multiplicative noise component w,,. The fact that each symbol C,, is
multiplied, and thus possibly attenuated, by a random number w, is the reason why such a

channel is referred to as a flat fading channel.

.. . ' 2 . c .
If we divide the expression of the sample C,, by a factor = for simplicity’s sake, we obtain the
h
following expression:
Cp = wp(p + 1y,
where n, is now a complex zero-mean Gaussian noise sample with a variance 20% =

(2 )2 NoEp _ 2N
Ep 2 Ep’

We are now going to introduce the signal-to-noise ratio (SNR) in this equation to make the latter

more informative. Recall that, for an AWGN channel, we previously showed that the average
SNR per symbol, % is given by
0

Es _YVEn
Nog 2Ng'
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whereas the average SNR per information bit, i—" is given by
0

Ep _1Es _ Y Ep
No mN, 2mNp'

where y is a constellation parameter defined as y = E, {|Cp|2} and m designates the number

of bits per symbol.

Over a flat fading channel, we must use the same expressions as above for the average SNRs
because the effect of multi-path propagation on the received signal component is neutral on
average. In other words, the fading effect is not supposed to reduce or increase the average
energy, E,, of the received signal component present at the power amplifier output. This

average energy E; must thus be identical to that of an equivalent AWGN channel.

Therefore, we can now write
Cp = prp + ny,,

. . . . . 2 _ 2N
where n, is a complex zero-mean Gaussian noise sample with a variance 2o ===

h
@) 26"

Note that, hereafter, we will generally use the SNR per information bit, % rather than the SNR
0

per symbol as it is the most common form of SNR employed in communication engineering.

It is often preferable to adopt a polar notation for the fading sample w,,. We thus obtain

. ‘0
Cp = h,e!?C, + ny,

where h, = /W§,1 +w;, and g, = tan™" (%) designate the magnitude and argument (phase)

P

of wy, respectively.

This expression clearly shows the effect of fading: It does rotate the constellation by a random

angle g, and, at the same time, compresses or expands it by a random coefficient h,,.
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The magnitude of the complex symbol C,, which represents the signal component in the
expression of C,, is multiplied by a random fading sample h,. This implies that the average

SNR is in fact multiplied by a random coefficient hz.

The case “h, > 1" corresponds to a constellation expansion, which has a beneficial effect on

the transmission reliability as it is equivalent to an increase in SNR by a factor hj > 1.

On the other hand, the case “h, < 1" corresponds to a constellation compression, which has a
detrimental effect on the transmission reliability. In fact, it is equivalent to an SNR reduction
since this SNR is multiplied by a factor h; < 1. With fading values close to zero (h, ~ 0), the
performance degradation can even become very severe as the samples Cz', are then almost
entirely made up of noise (Cz', ~n,). In this case, the multipath channel is said to be in a state

of deep fade.

The big problem with the flat fading channel is that it rotates and expands or compresses the
constellation in a random fashion. In such case, it is impossible to define suitable boundary

lines for the detection of the transmitted symbols C,. As a result, the communication system is

simply not going to work properly.
e Flat fading channel model with knowledge of the rotation angle &,

For a few simple constellations, such as BPSK and QPSK, the boundary line issue can be fixed

by only providing to the receiver an estimate of the rotation angle 6,. For these constellations,

knowledge of the magnitude h,, is not required at the receiver side.

We could show that the argument 6, is uniformly distributed between 0 and 2x. In general,

provided that the fading channel varies slowly with time, the receiver is able to estimate the

value of this angle with sufficient accuracy, and hence compensate for it by multiplying the
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sample Cz', by e /% Thus, by keeping the same notation as before, assuming perfect knowledge
of the rotation angle at the receiver side, the channel model can be further simplified to

Cp = hpCy + 1y,
where the new additive Gaussian noise sample n, has been obtained by rotating the previous

Gaussian noise sample by e~/% which does not change anything to its mean and variance.

e Rotating a complex zero-mean Gaussian noise sample results in another complex zero-

mean Gaussian noise with the same variance.

Let us demonstrate that rotating a complex zero-mean Gaussian noise sample by an arbitrary

angle 6, does result in another complex zero-mean Gaussian noise sample with identical

variance.

Assume that n, = n,; + jn,, is a complex zero-mean Gaussian noise sample with variance
202. Also, assume, that the real and imaginary parts of that noise are independent, meaning

that we can write E{n,,;n,, } = E{n,, }E{n,, }.

The new rotated noise sample is given by n,e /% = [n,;cos6, + n, ,sin6,| + j|-n,,sing, +

n,,cos6,|. What are the characteristics of that complex noise sample?

First, let us prove that [n, ;cosé, + n, ,sing,| and [-n,,sin8, + n, ,cos6,] are independent.

To do so, we first need to demonstrate that they are jointly Gaussian. In other words, we must

show that any linear combination of them is Gaussian. It is easy to see that the quantity
a [n,,c086, + n,,sind,| + B [-n,15in6, + 0,y ,c0s6,]
= n,1[a cosd, — B sin6,| + n,,[a sing, + B cosb,],
where a and [ designate two arbitrary real numbers, is Gaussian as the sum of the two
independent Gaussian samples n,;[a cosd, — B sing,] and n,,[asing, + B cosé,] is also

Gaussian.
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The mean of [np,lcosﬂp + npjzsinep] is given by E{np,lcosﬁp + np,zsian} = E{np,l} cosd, +
E{n,,}sing, = 0, as E{n, 1} = E{n,,} = 0. In the same way, we can easily show that the mean

of [-n, 1sind, + n,,cos6,] is also equal to zero.

We know that, if two jointly Gaussian random variables are uncorrelated, then they are
independent. So, to prove the independence of [n,;cosé, + n,,sing,| and [-n,;sind, +

n,,2c0s6,|, we now need to show that these two jointly Gaussian samples are uncorrelated.

The correlation between these samples, which have been shown to have a mean equal to

zero, can be determined by evaluating their cross-correlation as follows:
E{[n,1c0s8, + n,,sind,| - [-n, 15in6, + n, ,cos6,|}
= —E{n% 1} cos, sin6, + E{n2,} cos, sinb,

_ 2 . 2 . _
=—0 cosHp sme +o cosep sme = 0.

The random processes [n,cos6, + n,,siné,| and [-n,,siné, + n, ,cosd,| are uncorrelated

and jointly Gaussian. They are therefore independent.

The variance of [n,;cos6, + n, ,sin6,] is given by
E {(np,lcosep + np_zsinep)z}
= E{n},} cos?6, + E{n?,} sin?6, + 2 E{n, 1} E{n, ,} cos@, sin6,

= ¢g? (coszep + sin? Gp) = g?.

This is the same variance as the samples n,, ; and n, ,. In the same way, we can demonstrate

that the variance of [—n,, ;siné, + n, ,cos6,] is also equal to o2.
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From now on, unless specified otherwise, we are always going to assume that the receiver is

able to compensate for the constellation rotation &,. In the context of a flat fading channel, the
estimate Cz', of a transmitted symbol C, will thus be given by

Cp, = h,Cp+ 1y,

-1

where n,, is a complex zero-mean Gaussian noise sample with a variance 20 =y (%) =
0

y (Ep\ !

nG)

¢ Rice-Nakagami model for flat fading channels (Rice-Nakagami flat fading channel)

If one of the paths is significantly stronger than the others, which typically happens when there
is a line-of-sight between transmitter and receiver, the channel can be modelled as a Rice-

Nakagami channel, meaning that each fading sample h,, follows a Rice-Nakagami distribution.

The stronger the LOS path

is compared to other Building | Existence of a line of sight

paths, the closer to AWGN - between transmitter and

the channel model is. Building receiver - Rice-
Nakagami channel.

Building

s(t)

Transmitter

Receiver

The weaker the LOS path
is compared to other
paths, the closer to Building
Rayleigh fading the
channel model is.

Building

When there is a line of sight between transmitter and receiver, we have E{w,} = m = 0 and

E{w,,} = 0. In this case, the fading sample h,, follows a Rice-Nakagami distribution given by
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x2+m?

Py, (x) = oig e 2% -], (’:-g) for x > 0,

and Php(x) =0 forx < 0.

In this expression, the quantity g; denotes the variance of the Gaussian samples w,,; and wy, .

The function I,(-) is the zero-order Bessel function of the first kind.

The fading channel must always be normalized so that E{h2} =1 for reasons that will be

a2
clarified later. This implies that the variance o; is given by o} = 1Tm because we have E{h%} =

E{W;1 + W;z} = E{W;}l} + E{sz_z} =0 + m? + g7 =205 + m?,

The normalized probability density function of the fading sample is thus given by

2 2
2x _xT+m” 2mx
Php(x) =——-e 1-mZ - ], (1_m2) forx > 0,

and Php(x) =0 forx < 0.

e Rayleigh model for flat fading channels (Rayleigh flat fading channel)

However, when no path dominates the other ones, the channel is then modelled as a Rayleigh
fading channel, i.e., each fading sample h,, follows a Rayleigh distribution. The Rayleigh fading
model corresponds to a worst-case scenario in the sense that there is no line of sight between
transmitter and receiver. This is the channel model that is the most often considered by

communication engineers.

When there is no line of sight between transmitter and receiver, we have E{w,,} = E{w,,} =

0. In this case, the fading sample h,, follows a Rayleigh distribution given by

%2

_ X . 203
Php(x) =3 e 277 for x > 0,
and Php(x) =0 forx <0,
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where the quantity o denotes the variance of the Gaussian samples w,,; and w, ,.

The fading channel must always be normalized so that E{hf,} = 1. This implies that the variance
o is given by o7 = %because we have E{h3} = E{wj, + w2,} = E{w2,} + E{w2,} = 0% + o} =

2
20p.

The normalized probability density function of the fading sample is thus given by
Py, (x) = 2x e~ for x > 0,

and Py, (x) =0forx < 0.

Probability density function of a Rayleigh fading sample
Py (x) = 2xe™*"

0.9 A i
0.8

0.7
0.6

05
e
03
0.2

01 | | | ‘ | |
0o | 1 1 1 | .

¢ Flat fading channels with perfect channel state information (CSI)

We have seen that, if the receiver has the knowledge of the rotation angle 6,, a flat fading
channel can be modelled using the following equation:

Cp = hpCp + ny,
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where h,, is a fading sample that follows either a Rice-Nakagami or a Rayleigh distribution,

-1
. . . . . E
whereas n, is a complex zero-mean Gaussian noise sample with a variance 2¢% =y (N—S) =
0
26
m NO ’

For all constellations, excepted the simplest ones such as BPSK and QPSK, the presence of

the multiplicative noise h,, is going to prevent a communication system from working properly

because it affects the boundary lines used for symbol recovery in an unpredictable way.

This is why it is crucial to provide the receiver with the knowledge of the fading sample value
so that the system can compensate for the amplification or attenuation effect due to this fading
sample.

We generally assume that the receiver knows the exact values of the successive samples h,,.

In such case, the communication system is said to operate with perfect channel state
information (CSI). This assumption is not as unrealistic as it seems because there are practical
techniques (channel estimation algorithms) that can be used to accurately calculate in real time

the values of samples h,,.

In general, the communication scheme cannot work properly without the knowledge of h,, at the

receiver side, thus implying that CSl is a must in many practical applications.

Let us assume that the value of h,, is known at the receiver side.

We can then normalize the received sample Cz', = h,C, + n, by dividing it by h,,. We thus obtain
a new channel sample that is still called Cz; but now expressed as

Cp= Cp+np

where n, =n,, + jn,, is now a zero-mean Gaussian noise sample with a variance 20% =

S =m0
hlz,m No m pNo )
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This new equation is identical to that of an AWGN channel and indicates that, at the scale of

one particular symbol C,, only, the flat fading channel with perfect CSI can be viewed as an

AWGN channel for which the SNR is h; %

0

Note that this statement is actually true whether there is perfect CSl or not. The only difference

that CSI makes, and it is a big one in practice, is that, without CSI, the receiver does not know

the value of the SNR hj % allocated to the received sample, while, with perfect CSlI, the receiver
0

knows it and can thus exploit this knowledge to improve transmission reliability. The quantity
h; % is often referred to as the instantaneous SNR, and is obviously different from the average
0

SNR 2,
No

However, the expression C,f, = (, +n, does not mean that we have managed to convert our

flat fading channel into an AWGN channel by using CSI.

In an AWGN channel, the SNR i—” is a constant for all received estimates C,f,, which does provide
0

a certain degree of predictability in the reliability of the channel estimates C,',. For instance,
operating at high SNR over an AWGN channel is going to guarantee reliable communications

at (almost) all times.

The situation is very different in a flat fading channel because, in such channel, the SNR

fluctuates with time in a random fashion, depending on the value of h5. The communication

system may operate with a high average SNR per information bit, % but a particular symbol
0

may still see an instantaneous SNR, hf, % that is much lower than % When this happens, the
0 0

transmission reliability is going to be greatly degraded, in spite of the high average SNR,
because the bit error probability is going to be unacceptably high as long as the instantaneous

SNR remains low.
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In any case, a fading channel must be defined so that the fading effect does not affect the
average SNR value in our communication system. The fading samples make the SNR fluctuate
around its average value but are not supposed to amplify or reduce this average value. That is

why we must make sure to have E {hf, %} = E{hg}% = % thus implying that E{h3} = 1.

Recall that, to generate a normalized Rayleigh fading sample h,,, one must first generate two

. . . . 1
independent zero-mean Gaussian samples w,,; and w;, , with a variance g, = -, and then use

_ / 2 2
hp = w1 +wy,.

When the Rayleigh distribution is normalized, we could show that the probability density

the following equation:

function of the instantaneous SNR per information bit, h} % = (w2, +w2,) % is a chi-squared
0 0

distribution with two degrees of freedom that is expressed as

X

e_(z__l‘)’) = (E_b)_l e_x(f’_z)_l

No

Psyr(x) = @ )

where % designates the average SNR per information bit.
0
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Probability density function of the instantenous

SNR for a Rayleigh fading channel (chi-squared
11 distribution with two degrees of freedom)
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e Memoryless flat fading channels

The successive fading samples ... h,_,, h,_1, hy, hy i1, hyop ..o @re generally strongly correlated
because, in most cases, the multipath channel does not change significantly during a symbol
interval T. In fact, many multipath channels tend to vary slowly with time. Therefore, unlike

AWGN channels, fading channels are inherently not memoryless.

The memory present in fading channels can constitute a major issue in practice since it implies
that the channel may enter a state of deep fade and stay in it for a long time. When it happens,
several consecutive frames of transmitted symbols can be lost because the instantaneous SNR

remains too low for too long.
A straightforward solution to this issue would be to avoid having significant correlation between

successive symbols. In this way, it is extremely unlikely that successive symbols in any frame

would all be affected by a deep fade during transmission.
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In many applications, a fading channel can be made memoryless by inserting an interleaving

function in the communication system, as shown in the figure below.

The time gap between the transmission of two successive  The fading samples h,,_; and h,, affecting

symbols, say C,_; and C, must exceed the memory of the the estimates C;;—1 and Cz; are
multipath channel. uncorrelated.
Cr—1, Cic \ Cp—1s--- Cp j , >
i Cr_qy ooy G . Cp-1, Cp -

M \ \ E

— A M

—> E » Interleaver -»| Channel »| De-interleaver > 'Ig‘ — >
| P

—{ N I —
G N
G

The interleaving technique consists of scrambling the sequence of successive symbols before
transmitting it. If the size of the interleaving function is sufficiently large, then two successive
symbols, say C,_, and Cy, can in fact be transmitted at very different times and thus be affected

by independent fading samples despite the inherent memory of the channel.

The benefit of making a fading channel memoryless is that it becomes extremely unlikely for an
eventual deep fade to affect many successive received samples. The error-correction
capabilities of an eventual channel decoder can then be optimized.

The figure below shows how an interleaving function can be implemented to make a multipath
channel memoryless. Frames of symbols are stored row-by-row in a two-dimensional (2-D)
array. The symbols are then recovered column-by-column for transmission through the

multipath channel.

Assume that the channel memory does not exceed the length of a column. As two successive
symbols are always transmitted in separate columns, this assumption implies there cannot be
any correlation between the fading samples affecting two successive symbols. The multipath

channel can thus be considered as memoryless.
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A frame composed of axp symbols (Cy Cyiq--- Crraqp—1) IS
stored row-by-row in an array with @ columns and £ rows.

Frame of complex cheerenenenesesianserenad L A .

symbols generated by —:: C, f Cryr vor Crya

the ma In blOCk ;.} ............. T P STTLTL: :
pping t Crva : Crra+1 - Crr2a-1

i Ckvza i Crazas1 --- Casza-1
This frame is recovered
column-by-column from
the array with a
columns and S rows.

: Ciera(p-in) Ciera(p-141-+ Cierapr

Two successive symbols, say

Frame of complex C, and Cy 4, are not affected by
symbols to be correlated fading samples if
transmitted through channel memory < g symbols.

the channel.

If a multipath channel changes very slowly, then the 2-D array used for interleaving needs to
be very large to guarantee independence between received samples. Hence, the use of
interleaving may not be a practical option in some applications for which the transmission delay

or frame size are limited.

If it is impractical to make the fading channel memoryless, communication engineers must then
adopt other strategies to cope with the memory present in the channel. In fact, when the fading

sample h, remains constant for a long time, the fading channel can be seen as an AWGN

channel with a SNR equal to h}, %
0

Under such scenario, one can think, for instance, of using an adaptive modulation and coding
approach: communication systems can be designed so that they are able to adapt themselves
in real time to the channel conditions. Whenever the SNR changes significantly, these systems

can switch to a different modulation scheme as well as a different error-correcting technique.
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The goal is to keep the bit error probability constant (typically, P,, ~ 107>) and independent
from the SNR while achieving, at all times, the highest possible bit rate. Recall that the bit rate,

often expressed in Mbits per second (Mbps), is a measure of the transmission speed.

If the SNR collapses to a very low level, the system can employ a very power-efficient
modulation scheme, such as QPSK, combined with a near-capacity error-correcting code, such
as a turbo or LDPC (low-density parity-check) code, with a low coding rate. In this way, the bit
error probability could be kept unchanged despite the drop in SNR, but the price to pay would

be a reduction in bit rate.

On the other hand, if the SNR increases to a very high level, the communication system can
now switch to a bandwidth-efficient modulation scheme, such as 64- or 256-QAM, combined
with a high coding rate channel code. As a result, one would obtain an increase in bit rate while

keeping the bit error probability unchanged.
e Frequency-selective fading channels (At NOT « T)

In today’s wireless communication systems, it is often unrealistic to ensure that the delay spread
At = 1,_; — 7 IS much smaller than the symbol period T. The need for ever-increasing bit and
symbol rates requires ever-decreasing symbol durations, which makes it impossible to assume

that |t; — 1;| « T for all paths in many systems.

In this case, we can no longer assume that g((p —kK)T +15—1,)~g((p —k)T), VIE
{0, ...,L — 1}. Hence, the flat fading model is no longer valid, and we must develop a new model
by starting from the original expression obtained by sampling the baseband signal m’(t) at time
t =pT + 15+ Tyt

Co=m' (pT + 75+ T,) = TS5 Ce 23 @g((0 — DT + 75 — 1) +my,
where a@; = a;e”/#™o™ and n, is a complex zero-mean Gaussian noise sample with a variance

202 = Nofn
-
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EX @M Pl —omm e e

To better understand this complicated expression, consider the example of the transmission of

three successive symbols C,, C;, and C, attimest =0,t =T, and t = 2T, respectively.

. . . . 3T
Assume transmission over a two-path wireless channel with 7, =0 and 7, = Px The delay

spread isthus At =7, — 75 = % and is even greater than the duration T of a symbol.

The expression of the complex baseband signal generated by the matched filters is given by
, 1, 1, __ 1, __
m (t) - ECang(t - TO - p) + EC()alg(t - Tl - p) + EClaog(t - T - TO - p) +

1 . 1 ., 1, ___ "

EClalg(t —T—1,—Ty)+ ECzaog(t —2T—19—Tp,) + ECzalg(t —2T — 1, —T,) +n"(¢).
which leads to

, 1 _ _ 3T _ __ 3T
m'(t) =3 [Coaog(t —T,) + Coarg (t - - Tp) +Cagg(t —T—T,) + Ciazg (t —T———

T,) + Cotgg(t — 2T = T,) + Cyag (t — 2T =2 =1, )| + n" (),

If we sample, for instance, this baseband signal at time t = 2T + 7, + T, with 7, = 75 = 0, we
obtain an estimate C, of the transmitted symbol C, expressed as follows:
C, = %[Coa_og(ZT) + Coiig (2T -2 + C@Gg(2T = T) + Cirg (2T -T-2)+
C,aag (2T — 2T) + C,a5g (2T 2T — —)] +n"(2T +T,),
which is equivalent to
[Coaog(ZT) + Coar g ( ) + C1agg(T) + Ciarg (— —) + C,a09(0) + Coaqrg (— _)] + Ny,
thus yielding

C; = %[Coa_Lg( ) + Ciayg (_ ‘) + C,a,9(0) + Crag (— _)] + n,.

We can finally write C, = Coalg( ) + = Clalg( ) +- 62 [aog(O) + a9 (— —)] + n,.
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This expression shows that the sample €, depends on the symbol C,, as it should be, but also
on the other two symbols C, and C;: there is inter-symbol interference (ISl), and that is

detrimental to the transmission reliability.

Let us go back to the general case. By sampling the base-band signal attime t = pT + 75 + T,
we obtain a channel estimate CI', which is expressed as
! ! [o'e) 1 - —
C,=m (pT + 1 + Tp) = Z,LOzCk Yidag((p— KT +15—1,) + ny.

where @; = a;e /2% and n, is a complex zero-mean Gaussian noise sample with a variance

20.2 — NoEp
-
By developing this expression, we obtain
' 1 -1 — 1 -1 — 1 -1 —
Cp="+5C 1 X0 @mg(T+ s — 1)+ 0 XiZo @g(Ts — 1) + 5 Cpra LiZo @g (=T + 75 —

TZ) + ..+ ny.

This shows the presence of inter-symbol interference (ISI) as the sample Cz', clearly depends

on the successive transmitted symbols ..., C,_;, Cp, Cpiq, -

A multipath channel for which the delay spread At is NOT much smaller than the symbol
duration T is said to be frequency selective because such channel, unlike a flat fading channel,
has a linear filtering effect on the transmitted signal s(t). This is clearly indicated by the
expression of the channel output Cz', as a function of the channel inputs ..., C,_1, Cp, Cpiq, -.-.

which is that of a digital finite impulse response filter.

By applying the central-limit theorem, we can state that the terms ..., Y-l @g(T + 75, — 1)),

Iyag(rs—1), Yt ayg(=T + t5 — 17), ... are all complex Gaussian samples.
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We can thus write that, for a frequency-selective multi-path channel, the sample CI; taken at
time t = pT + 75 + T, is given by

, E E E

Cp = -+ Wp_17hcp_1 + Wp 7th + Wp+1 ?th_H ..t np,

which can also be written as

R Ep
Cp - moi—oo Wp+m?Cp+m + Ny,
L. . -1 — -mT+1s—7T -1 — -mT+Ts—T
where the quantities wyym = Wpim1 + jWpimz = Sico alg(g(—O)Sl) =YiZ0 alg(E—hSl) are

complex Gaussian samples, whereas n, = n,; + jn,, is a complex zero-mean Gaussian noise

Nth

sample with a variance 202 = >

If we normalize the expression of the sample Cz', for simplicity’s sake, we obtain the expression

of the channel estimate Cz; for a frequency-selective fading channel:
CI’J = V2w Wp+mCpim + Ny,

where n, is now a complex zero-mean Gaussian noise sample with a variance 20% =
G) == =5
En 2 _Eh_yNo T m\nNy/

g(—mT+t5—1))

-0 as m - —oo and m —» +oo.
g(0)

We notice that the pulses g(t) are such that

Therefore, in practice, the sum does not contain an infinite number of terms and the sample Cl',

can then be expressed as

' 'tM
Cp - 4am=-M Wp+me+m + Ny,

where 2M + 1 is the number of taps in the frequency-selective multipath channel.

A polar notation can also be adopted for the fading samples w, . ,:

' VM j 0
Cp - 4m=-M hp+me] p+me+m +ny,

where hyym = \/(wmm‘l)z + (pr,m,z)2 and 6y, = tan™? (M> designate the magnitude and

Wp+m,1

argument, or phase, of wy ., respectively.
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The arguments 6,.,, are uniformly distributed between 0 and 2r, whereas the fading samples
h,+m follow either a Rice-Nakagami or a Rayleigh distribution depending on whether the radio

channel has a line of sight or not.

e Why do we need to normalize fading samples?

The fading samples must be normalized so that Z;’Z_M(hwm)z = 1. This normalization allows

for a fair comparison with other systems and other types of channels.

To clarify this point, let us consider the three following equations for the channels that have
been studied:

(1) AWGN channel: Cp = Cp +ny,

(2) Flat fading channel: C, = hye!%C, +ny,

(2) Frequency-selective fading channel: C, = X2 1 hyyme! %tmCpym + .
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In all three equations, the complex noise sample n,, is Gaussian with a mean equal to zero and

-1
a variance expressed as 202 = %(ﬂ) . Recall that this expression means that the variance
0
-1
of both the real and imaginary parts of the noise sample is given by ¢? = % (%) .
0

Equivalently, the variance of the Gaussian noise sample n, can also be expressed as a function

of the SNR per symbol, % rather than the SNR per information bit, i—b In this case, we have
0 0

202 =y (5—2)_1.

The parameter E has been defined throughout these lecture notes as the average energy per

symbol available at the RF power amplifier output inside the receiver.

However, some authors define E; as the average energy per transmitted symbol C,, i.e., the
average amount of energy allocated for the transmission of one particular symbol C,. As a
matter of fact, this is not a meaningful definition in the real world. What truly matters in a practical
communication system is not the level of signal that was radiated by the transmit antenna, but
instead the signal level available at the low-noise power amplifier output inside the receiver.
Obviously, one can expect that both are going to be related, but it makes more sense to focus
on the received signal as this is the one that is actually processed by the receiver.

Defining the quantity E; as the average signal energy embedded in each channel sample Cz', is
therefore the correct thing to do. This does not change anything for the AWGN channel as we
have assumed for simplicity’s sake that the signal component generated by the low-noise power
amplifier was identical to the signal generated by the transmitter. Both have been referred to as
the signal s(t). But, in the context of multipath channels, our more realistic definition allows us

to clarify the need for a normalization of the fading samples.

No matter what channel model we decide to use, it is crucial to ensure that the same average

energy E is embedded in each channel sample C,',. Remember that fading, whether flat or
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frequency selective, is not supposed to amplify or attenuate the average SNR because that is

not the result of signal propagation via multiple paths.

For any type of channel, the SNR % does represent the average level of signal present in each
0

channel sample Cr', with respect to the level of additive Gaussian noise which is measured by

-1
the parameter N,. Since the additive noise has the same variance 202 = y- (%) in our three
0

channel models, we must ensure that the average signal energy embedded in each channel

sample Cz', is also identical, and equal to E, for these different channel models.

On an AWGN channel, the signal energy E; embedded in a sample C,') Is a constant and simply

represents the energy allocated to each symbol C,.

Over a flat fading channel, the SNR of each received sample does fluctuate depending on the

channel conditions. The equation Cz', = hpefngp + n,, clearly indicates that the signal energy E;

embedded in each sample C,, is a random number (h,,)”E;.

As the fading effect is not supposed to increase or decrease the average signal energy, we

must always ensure that E {(hp)zEs} =E {(hp)z}ES = Ej, i.e., we must have E {(hp)z} = 1.

As for the frequency-selective channel, the equation C, = ¥+ h,,,,e/%*mC,, n +n, shows
that the total signal energy embedded in C,', iIs now spread out over (2M + 1) consecutive

symbols.

The total amount of energy embedded in C, is given by ZL’Z_M(thrm)ZES = E Z;’Z_M(hmm)z.
Once again, the fading effect is not supposed to increase or decrease the average signal

energy. Consequently, we must ensure that E {ES ;;[Z_M(hpm)z} =E,- E{ ;;{Z_M(hpm)z} =

E, - Z;*n"i_ME{(hmm)z} = E,, i.e., we must have ¥}¥_, E {(hp+m)2} =1.
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e Converting a frequency-selective fading channel into a flat fading channel

The error performance of communication systems over frequency-selective channels is very

poor due to the presence of ISI.

With an AWGN or a flat fading channel, we easily show that the bit error probability p., = 0 as

E . . . . .
N—s — 400, which is the least one can expect with any communication scheme.
0

However, this is not even true for a frequency-selective channel for which it is impossible to

. - E.
achieve an error probability equal to zero as N—S — +o00,
0

The reason is that, for such channel, the expression C' =y Mhp+m€ Op+m »+m T 1, Can be

rewritten as C, = h,e!%C, + X,/ hyime!%*mCyy,, +n,. This indicates that the noise

Op+

component in each received sample C is in fact given by Y42, hp+me1 M Cprm + Np.

E .
As N—Z >+, we see that Y2 . oh,ipme!%mCyn+n, > T L by me! PG,

because we then have X7 _, hp+mef Op+m p+m > Np.

The fact that Zm__Mﬂhpmef r+m(C,.m #0 implies that the noise cannot be made negligible
when % — +o00, which shows up as an error floor in the error probability versus SNR curve. The
0

existence of such error floor is obviously very detrimental to the performance of any

communication system.

li is therefore crucial to always try to convert any frequency-selective channel into an equivalent
flat fading channel which displays a much better error performance. Three techniques that are
traditionally used to do so are equalisation, orthogonal frequency-division multiplexing (OFDM),

or the rake receiver structure (if spreading codes are employed).
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We are going to explain below the basic principles of OFDM.
e Orthogonal frequency-division multiplexing (OFDM)

One way to suppress ISl is to extend the duration of each symbol so that it becomes much
greater than the delay spread At. OFDM technology allows for the duration of each symbol to
be increased by a factor N > 1. By ensuring that N - T > At, we can guarantee the absence of

ISI in our communication link.

Frequency-division multiplexing (FDM) systems have been around for decades. In these
systems, the sequence of successive complex symbols C, of duration T is converted into N

parallel streams in which the duration of each symbol becomes N - T seconds.

The demultiplexing operation converts a single high symbol rate stream into N low symbol rate
parallel streams. The symbols Cy ,,,n € {0, ..., N — 1}, present on the (n + 1)-th stream, are then
transmitted using a carrier wave with a frequency f; ,. The modulated signal for this particular
stream can be expressed using complex notation as

sa(t) = R[XLEZ Cienh(t — KNT)e/2mont],

The total signal produced by the transmitter is the sum of all these modulated signals and is

thus given by
s(t) = XNZ3 5,(t) = R[INZ3 TS Crnh(t — kNT)e/2mfont],

At the receiver side, the symbols Cy,,n € {0,...,N — 1}, are recovered by simply mixing the

received signal with the carrier e/?™font and then using a low-pass matched filter followed by a

sampling device, as it is traditionally done.
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Assuming the use of root raised cosine filters at both the transmitter and receiver sides, the

+a

bandwidth required for transmitting a signal s, (t) is given by B, = IN—T and the separation

. . . 1+
between two adjacent carrier frequencies f; , and f, ,+, must be, at least, N—Ta

Hence, the bandwidth, Bgpy, required for transmitting the combined signal produced by the

transmitter is, in practice, given by

BFDM=NBn+(N—1)Bg=1;—“+(N—1)B,

where B, denotes the guard band that separates two adjacent spectra.

The FDM system bandwidth Bgp,, is thus higher than the bandwidth B, = IJTF—“ that is required

in a traditional single-carrier communication scheme due to the need for guard bands in
practice. The presence of the term (N — 1) B, in the equation above indicates that the difference
between the single-carrier and the FDM systems can in fact be quite significant for large values
of N.

In any case, the key advantage of a multicarrier system compared to its single-carrier
counterpart is the absence of ISI on the parallel streams due to the low symbol rates on these

streams.
OFDM works in a similar fashion as FDM, but with a few fundamental differences.

Firstly, the symbols Cy,,n € {0, ..., N — 1}, are transmitted using simple square pulses rather
than root raised cosine pulses, which simplifies the implementation of the communication
system.

N-1

. . . 1 2 3
Secondly, the carrier frequencies f;, are in the form f,, f, + T fo+ T fo+ T fo+ T

We are going to see that these frequencies are orthogonal, meaning that it is possible to attach

N different streams of symbols Cy ,,n € {0, ..., N — 1}, to each of them before transmission, mix
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(sum) the N resulting modulated signals over the wireless channel, and then separate these

streams in the receiver.

Because an OFDM system employs square pulses, the power spectral density of each
modulated signal s, (t) =ER[Z,’Q§°O Ck,nh(t—kNT)efZ”folnt] can be expressed using a sine

cardinal function as follows:
Sa(f) = K - sinc? (nNT(f - fo,n)),

with fon = fo ++-,n €{0,..,N —1}.

The total signal produced by the OFDM transmitter is the sum of the modulated signals s, (t):

$(8) = TN=E 5(8) = R[NZABE Cunh(c — KNT)e2ont] = R [ENZ3 T2 Conh(t -
kNT)ejZn(fo +%)t]’

which can be also written as s(t) = R [Zﬁ;& 229 Crnh(t — kNT)ejZ"(ﬁ)tefZ”fot].

. n
The terms e””(ﬁ)t,n € {0, ..., N — 1}, represent the sub-carriers associated with the N parallel

streams.
eﬂ”(fo)t
o) l so(t)
—+ Pl X
Stream of symbols C; P (o)t
(square puIS(-j,l-s of duration T) D |ii- l . OFDM Y
Rate D, =;symbols/sec E | Cin sy (t) signal s(t) |
— v [ > X " o+ » PA
U .
X ej2n(f0+%)t .
Crn-1 Sy-1(t)
> X >

\

N parallel streams of symbols Cy ,
(square pulses of duration NT)

Symbol rate Dy, = % symbols/sec
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Note that, in the figure above, the notation

j27r( fo+%)t

}

Cen —»| x f—> sp(t)

e

is equivalent to oS (Zﬂ (fo n %) t)
!
Apn —»| x
T l— sn(t)
Bk,n_’ X >
—sin (271 (fo + %) t)

As an illustration, we have shown below the power spectral density (PSD) of the modulated
signals s, (t) in the case where the number of sub-carriers is N = 5. The total PSD, i.e., that of

the combined signal s(t) = YN-3 s, (), is also shown.

Power Spectral Density of the OFDM modulated signal (N = 5 orthogonal carriers)
1.2 A ‘ ‘ : : : : ! :
1.0 ‘ ‘

0.8 |
0.6
0.4 |

0.2 |

0.0
fo- fo- fo- fo fot fot fot fot fot fot fot  fot
3/NT 2/NT 1/NT 1/NT 2/NT 3/NT 4/NT 5/NT 6/NT 7/NT 8/NT
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We notice that there is a significant overlap of the individual spectra S,,(f). The overall spectrum

of the combined OFDM signal s(t) can be seen as ranging, approximately, from f, — % to fo +

% + % Therefore, the bandwidth required for the transmission of this signal is

B N+1 1
OFDM NT T

1+«

The OFDM system bandwidth B,gp,, is thus lower than both bandwidths B, = - and Bgpy =
1;—“+ (N — 1)B, needed by equivalent single-carrier and FDM systems, respectively. OFDM is

thus a bandwidth-efficient technique.

The overlap between individual spectra overlap could certainly cause very significant

interference between parallel streams that are adjacent in the frequency domain. However, it

does not happen because, at frequencies f,,, = f, +%,n € {0, ..., N — 1}, the magnitudes of

all other individual spectra is zero.

Such a communication scheme is therefore said to operate using orthogonal frequencies and
that is the reason it is referred to as orthogonal FDM (OFDM). This orthogonality between sub-
carrier frequencies fy,,n € {0, ..., N — 1}, is going to allow for the separation of the individual

streams at the receiver side.

To explain how the parallel streams are separated at the receiver side, consider a particular
time interval ranging from t = kNT to (k + 1)NT. Assuming the square pulses have unit

amplitude, the expression of the OFDM signal transmitted during this time interval is
S(8) = TNE 50(6) = R[TN2d e V0],
which can also be written as
s(t) = XNZ5 Ay ncos (27t (fo + %) t) — By nsin (27‘[ (fo + %) t),

since we have Cy,, = Ak, + jBin.
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Assume noise-free transmission for simplicity’s sake as our goal here is only to show how the
various real-valued symbols 4, and By ,,n € {0, ..., N — 1}, which are all combined in a single

OFDM signal, can be separated after reception.

Assume we want to recover a particular symbol A, ,,. We first need to mix the received signal

r(t) = s(t) with the sinusoidal function cos (Zn (fo + %) t). The resulting signal is given by
r(t)cos (2n (fo + %) t) = YN20 A ncOS (27r (fo + %) t) cos (27r (fo + %) t) — By »Sin (Zn (fo +

%) t) cos (Zn (fo NT) t)’
which is equivalent to

r(t)cos (2 (fo + &) t) = SN=3 22 [cos (2 (S2) ¢) + cos (2m (2, + 22 ¢)| -

oo (52)) + 50 on (2 3)°)].

Then, this signal is integrated between t = kNT and (k + 1)NT:
k+1)NT k+1)NT Agn
fk(N; T (#)cos (271 (fo + i) ) fk(N; INT gov—1 dkn [cos (27‘[( T) ) + cos (Zn (Zfo +

R D BT 2) ) snon (1 +£2) e

SN cos (2 (f + ) ) e = SN2 [N o (o () Y a4
g (DN o (o (2, + 242 ¢) e — 53 P [OSONT G (g (7)) g

ZN 1Bknfk(ll\<];-1)NT . (27_[ <2f0 n+p) )dt.

For n =p, we notice that both terms cos (Zn (%) t) and sin (27‘[ (%) t) are sinusoidal
functions with a period mNTY;ol' The integral of such periodic functions over a time window equal

to NT, i.e., betweentimest = kNT and t = (k + 1)NT, is equal to zero because NT is a multiple

of the period of cos (27r ( - ) ) and sin ( T (%) t).
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For n=p, we have cos (271 (%) t) =cos(0) =1 and sin (271 (%) t) = sin(0) = 0. The
integral of a constant function of unit amplitude between t = kNT and t = (k + 1)NT, is equal

to NT, whereas the integral of zero over the same time interval is obviously zero.

We also notice that both terms cos (Zn (Zf0 + %) t) and sin (Zn (Zf0 + %) t) are sinusoidal

NT
2NTfo+n+p

functions with a period 7 jnﬂ, = . The integral of such periodic functions between t =

ot NT
kKNT and t = (k+ 1)NT is equal to zero because NT is a multiple of the period of
cos (Zn (%) t) and sin (Zn (%) t). This is easily understood once we realise that the quantity
(2NTf, + n + p) is an integer since the product Tf; is itself an integer.

Therefore, we can finally write | (e DNT

vy T()cos (Zn (fo + %) t) dt = Ay, % which clearly

shows that, by mixing the received OFDM signal r(t) with the sinusoidal function
cos (Zn (fo + %) t) and then performing an integration between t = kNT and t = (k + 1)NT,

the receiver is able to recover the symbol Ay ,,.

To recover the symbol B, ,,, we first mix the received signal r(t) = s(t) with the sinusoidal
function —sin (Zn (fo + %) t). The resulting signal is given by
—r(t)sin (Zn (fo + %) t) = YN — Ay ncos (Zn (fo + %) t) sin (Zn (f0 + %) t) +
Binsin (27 (fo + =) t) sin (27 (f + 2 t),
which is equivalent to
—r(®)sin (27 (fo + L)) = ENZ3 22 [sin (27 (X2) ¢) - sin (27 (2f, + 22) )] +

25 [cos (2 (52)¢) —cos (o (25 +52) )

Then, this signal is integrated between t = kNT and (k + 1)NT:
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(k+1)NT
-,

vy T(@)sin (Zn (fo + %) ) fk(z;l)m yN-_1din [sm (271 (%) t) — sin (27‘[ (Zfo +

) 25 oo (52)0) - oo o+ 22)

which yields

(k+1)NT

—Jnr  T(®sin (271' (fo + 15) ) )dt =Yz 1Ak"fk(z;1)m i (Zn( ) )dt —

BHEE s o (o +52) ) e+ 0 7 o o (52) )t~

kNT

- 1Bknfk(ll\c,;-1)NT (271 (Zfo n+p) )dt.

In the same way as was previously done, we can show that
. f,g;;l)m i (Zn (Zfo "”’) )dt = f,ff,;l)m (Zn (Zfo "+p) )dt = 0 for any value of p,

(k+1)NT i (27_[

kNT ) ) dt = 0 for any value of p,

(k+ 1)NT

kNT

=
,gf,;l)m cos (Zn (n ) ) dt = 0 for any value of p #n,
CoS ( (

(k+1)NT (k+1)NT _ _
2 (22) t) at = [N cos(0)dt = [P 1dt =NT forp = n,

We can finally write — fk(;;l)mr(t)sin (Zn (fo + 1\119 ) )dt = ka ~ , Which clearly shows that,

by mixing the received OFDM signal r(t) with the sinusoidal function —sin (Zn (fo + %) t) and

then performing an integration between t = kNT and t = (k + 1)NT, the receiver is able to
recover the symbol By ,,.

The general structure of an OFDM receiver is shown below.
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—j2n(folt
e J21\Jo NT
r(t) l Ck,OT
» x »| Integrator >
o —jen(forbn)t .
Y . e (0 NT) . NT
() Ciep R M Recovered stream
PA » X »| Integrator > )Li —— of symbols C,
. N-1
e—]ZT[(ib-l—w)t ; NT
T'(t) k,N—l?
» X »| Integrator >
Received OFDM signal r(t)
Here, we assume a noiseless
channel for which r(t) = s(t)
Note that, in the figure above, the notation
e jam(fo+ior )t
l NT

r(t) —» X

v

Integrator |—» Cka

is equivalent to

cos (Zn (fo + %) t)
l NT
r(t) —» % »| Integrator |— Ak,p7

NT
r(t) — x »{ Integrator [— Bip—-
1
—sin (27t (fo + %) t)
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e Practical implementation of OFDM using IDFT and DFT

In today’s wireless communication systems, the number N of carriers can be very large. The
issue is that the implementation of a very large number of mixers in each transmitter and an
equally large number of mixers and integrators in each receiver is clearly not a realistic option.
We thus need to find a more practical way to implement the OFDM technology. A possible
technique to do so consists of using an inverse discrete Fourier transform (IDFT) at the

transmitter side and a corresponding discrete Fourier transform (DFT) at the receiver side.

We are now going to revisit the previous explanations of OFDM technology by showing how to
implement the latter using IDFT and DFT. To this end, we consider hereafter a (relatively) slow-
changing multipath channel with no line of sight. In other words, the fading samples are
assumed to follow a Rayleigh distribution and remain constant over the duration of a large
number (N) of consecutive symbols. These are realistic assumptions in many practical wireless

systems.

We have previously seen that, in OFDM communication systems, the sequence of complex
symbols to be transmitted is first broken into successive vectors of N symbols by using a
demultiplexing function. Let us focus on one of these vectors and adopt the following notation:
A vector is composed of N symbols Cy, k € {0, ..., N — 1}. Each of these vectors is then used to
compute a new vector of N complex symbols Cp by using inverse discrete Fourier transform
(IDFT):

= 1 i2mkp

Cp = \/—NZQ;&CR e/~ ,p €{0,..,N—1}.
The modulated signal generated by the OFDM transmitter for this vector of N symbols C,,p €
{0, ..., N — 1}, can be expressed using complex notation as

s(t) = R[LD=g Cph(t — pT)el2mhot],

which can be further developed as

. 2mk
() = R | LZhzd T € e — pre (o5
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This equation can also be written as

. 2wk
s@ =R [\/iﬁ YR=3 Ce X3 h(t — pT)ef(Z”fOHTp)],

Recall that, without IDFT prior to transmission, the expression of the modulated signal would
be
s(t) = R[XN=E Ceh(t — kT)ei2mht],

To better understand the difference between a traditional transmitter and an OFDM transmitter,
let us consider a simple example for which the symbol-carrying pulse h(t) is a square pulse
equal to the unit between t = 0 and T, and equal to zero outside this interval. Let us also focus

on a particular symbol C, transmitted between t = kT and t = (k + 1)T.

In a traditional communication system relying on square pulses, the expression of the
modulated signal generated by the transmitter between t = kT and t = (k + 1)T is given by

s(t) = R[Ce/?™ot]. The time spent to transmit symbol C;, is T seconds.

As illustrated in the drawing below when N = 4, a traditional system therefore operates similarly
to a time-division multiple access (TDMA) system for which each symbol is given its own time

slot and shares the same sine wave e/™/o! with all other symbols.

t=20 t=T t=2T t=3T t =4T

Coej(znfot)
Brererennnne——— Beerrmsrrnrnanssansnnnsnnnens e rrrmasssssssssssnasaannannnnns e
Clef(ZHfot)
Eveerareersesessassensanas I H TP ST

Czej(znfot)
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In an OFDM communication system, the expression of the modulated signal generated by the

transmitter between t = kT and t = (k + 1)T is given by

. 2ntk
5(6) = =R [ck SN2 h(t - pT)ef(Z"fo“T”)]_

This equation shows that a symbol Cj, is transmitted using the sine wave e/t petween t =

. 2wk . 4Tk
0 and T, /(2 5E) petween ¢ = T and 2T,e’(2"f°t+T) between t = 2T and 3T, etc. This

indicates that the time spent to transmit symbol C, is NT seconds.

The N-fold increase in symbol duration constitutes a great improvement compared to a
traditional communication system because this is precisely what allows the OFDM technology
to suppress ISI.

Recall that a traditional communication scheme does exhibit ISI when it cannot satisfy the

condition At « T, which is often the case in today’s high-data rate applications.

In contrast, an OFDM system is not affected by ISI since the condition required to suppress it
becomes At « NT, with N > 1. In most cases, the value of N can be adjusted to ensure that

this inequality is satisfied.

As illustrated in the drawing below when N = 4, the time spent to transmit any symbol is NT =
4T seconds. Each symbol C;, uses all available time slots but must obviously share them with

all other symbols.

All signals are mixed during transmission over the radio channel. The task of the OFDM receiver

consists of separating these signals to allow for the recovery of the symbols C.

The separation of symbols €, at the receiver side is made possible by the fact that they use
different patterns of sine waves, in a way that is somewhat similar to frequency-division multiple
access (FDMA).
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t=20 t=T t =2T t=3T t =4T
Coel@mhot) i Coel o) 1 e/@mhD) i Coel@mfot)
e Y .. .......................... foeeee
L gelenh P o (2mfot+7) C, el @nfot+m) e, ef(anot+37”)§
Czej(anot) Czej(anoHn) Czej(2nfot) Czej(2nf0t+n')

el @nfot) C3ej(2nf°t+37n) Cye@nfot+m) C3ej(2nf°t+%)§

The signal transmitted between t=pT and t=((p+ 1T is
. 2mkp . T .
\/%21,2’;01 Cke](z’rfot+ N )=%Z,3{=0 Ckej(znf(’”zkp). It is the sum of all

terms in the corresponding column (the normalization factor \/iﬁ has
not been shown in the drawing).

In this example, we see that the transmitted signal is the sum of N = 4 sine waves with a
frequency f, and different phase shifts at times ¢t = kT. These patterns of phase shifts are
orthogonal. This crucial property will be used by the receiver to separate the four sine waves

after transmission and recover the original symbols C,.

.(2Tkp
In our example, the patterns {e](_

N )} of phase shifts are as follows:
.- (M) ) . . .
e For transmitting Cy: Je’\n /¢ = {e/0,e/0,e/0,e/0 .

» (22, o T o
e For transmitting C;: Je’\"~ ={e10,e’z,ef”,efz}.

. (2 o e
e For transmitting C,: Je’\Un /¢ = {e/0, e/™, /0, e }.

e ](M) i0 j3_” . jE
e For transmitting C3: je’\ v /¢ = {ef ,e’z,el™ e’z }

.(2mk . (27|
Two phase patterns {ef( Np)} and {e’(Tp)} are said to be orthogonal because, for any k, k' €

{1,...,N — 1}, we have
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2mkp 2mkp\ * 2m(k—-k)p ,
YN-lel™n (e’ N ) =YN-sel ~ =0,whenk =k

2n(k—k)p
and Yhooe’” N =0,whenk = k'

As an illustration of orthogonality, we show in the figures below an example with N = 8. It can

.TT
Jj=

be graphically seen that we indeed have 37_oe/s**™) = 0, fork — k' = 1,2....,7.

As both k and k' range from 0 to N — 1 = 7, the quantity k — k' can actually range from —7 to

+7. However, to scan all possibilities, we do not need to consider the negative values of k — k'

because having Y7_,e/s#**7*) = 0 implies that (Z,Z:Oefzp(k‘k’) = 37 e Ptk -

.TT
T (k'~k
Z;=o elaPk=k) —
k—k'=1 P k—k'=2 2m  10m
#e 2y el el
------ B 1 BRI SR
3m e Tﬂ ““““
e+ @ )
4m on am o aem onem
ela et elu el h elv, el
® > ® >
e’ 4 . ~ela
---.*..--'6_77: -..’-.--'6_77: 14_7_[
e’ 4 e} 4 e] 4
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After demodulation, i.e., removal of the term e/?7/o!) from the received signal, the receiver can
recover all symbols C;, by performing a discrete Fourier transform (DFT) of the channel

estimates representing the N symbols C,,p € {0,...,N — 1}.

Assume for now noiseless transmission. Using DFT, the receiver computes a new vector of

symbols of N samples C,, as follows:

- _ 21tlp
Cor = \/iﬁzgz—g C,-e’ v,k €{0,..,N—1}.

This expression can be written as

= 1 ON-1vN-1 jkp Rk
Ck' = EZp:O Zk:o Ck - e N -e N 1]

which is equivalent to

= 1 ¢oN-1 N-q AR Op
G =5 2k=o0 Ce Zp=a e N

Let us develop this expression to better understand it:

_ 1 2T —k')p 21 1—kl)p 'ZH(N—l—k’)p
Ce=75 <Co pmo€ N +CiXploel N+t CyiXpsge’ W >

.Zn(—k')p .Zn(l—k')p _Zn(N—l—k')p
As previously seen, all the terms YN g e/~ v , ¥0-ge/™ v .. X0 ge’/™ W are equal

.. .21(0)p .
to zero, except the one corresponding to k = k since Y¥7-3e’~~ = N. We can thus write

Cp = %(NC,{') = Cy, forany k' € {0,...,N — 1}.

This result means that the vector of samples Cy is identical to the original vector of symbols Cj,.
The receiver has therefore been able to recover the symbols €, by exploiting the orthogonality

between the different patterns of phase shifts assigned to these symbols.

56
Digital Communication Systems — SLG



School of Engineering @ Newcastle University

Let us now revisit the operation of the OFDM receiver by using a more realistic scenario.

Let us assume that the N complex symbols C, are transmitted over a frequency-selective fading
channel. Consider, without loss of generality, that the fading samples follow a Rayleigh
distribution. In other words, the channel is said to be a frequency-selective Rayleigh fading
channel. Also assume that the channel changes slowly so that the fading samples for all taps

remain constant during the transmission of a vector of N symbols C,,.

At the receiver side, the estimates C,, of symbols C, can thus be expressed as follows:
Cp =2ty WinCpim + 1y,
where the quantity w,, = wy,; + jwy,, IS a complex zero-mean Gaussian sample with a

variance 2oy, representing the fading affecting tap m, whereas n,, is a complex zero-mean

-1
Gaussian noise sample with a variance 202 = y- (%) . Note that the fading samples must be
0

normalised so that Y;M_, E{(h,)?} =1, which is equivalent to Zﬂl_m(E{(Wm,1)2}+

E{(wm,z)z}) =M 262 =1,

We can thus write
_ .2mk(p+m) .2mk(p+m)
" N+M 1 ¢$N-1 0 _ 1 v+m N—-1 —_—
Cp = 2m=-MWm <\/_N2k=0 Ck e N > + ny = ﬁZm:—M Zk=0 Ck W€ N + Ny,
which can be rewritten as

.2tkm

.2mkp
~ _ 1 N-1 ]EE__ +M JI—N—
CP _\/_NZkzo Cp-e’ N Zm:—MWm'e N+ .

. 2Thkm

We notice that each term w,, - e/~ is a complex zero-mean Gaussian sample with a variance

.2mkm

202. Hence, thetermw, = Y1 _. w,, - e/~ ~ is a zero-mean Gaussian sample with a variance

given by ¥M . 202 = 1.

.2tkp

We thus have C, = =SS wiCi - ' v +my,
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This equation indicates that the (normalised) frequency-selective channel has just been
converted into a (normalised) flat fading channel because any reference to multiple taps is no

longer present in it.

At the receiver side, we perform a discrete Fourier transform using the N estimates C,, p €

{0, ..., N — 1}, in order to produce a vector of N samples Cj:

= = _j2mlp
Ck'zx/iﬁzg;(}cp'e TN !k'E{OFIN_l}

We can then write

— 1 21'rkp _jzrrlp
Ck'=ﬁ2 ( Y=o wiCy - e’ N +np) e’ N

which is equivalent to

N—1 jzrr(k Dp ]21'rlp
——Zp OZkowka-e N 4+ —= Z Onp e ’’n,

We obtain Cj, = Zk Y wy Cpe INZ S \/%Zg;& ny e SN,

Due to the orthogonality of the subcarriers, we can write

2m(k—-Dp

YN ye!T W =0whenk =l
21r(k Dp
and Zp se/~ v =Nwhenk=lI,

. = 1aN-1 2 2n(k-Dp _ 2 2mlp
Hence, the equation Ck’_ﬁzkzo WkaZp selT v +—= Z Onp e "N becomes

C_k' = WlCl + n;,
1 .21tlp
where n; = N Do Ny - e ~J"N" is a zero-mean Gaussian noise sample with a variance 202
Es -1 ]anp
V- (N—) because each term n,-e ’ ~ is a zero-mean Gaussian sample with the same
0
variance.
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As a conclusion, the OFDM technique has allowed us to convert a slow-fading frequency-
selective Rayleigh fading channel into a flat Rayleigh fading channel, which is going to

tremendously improve the error performance of our communication system.
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11. Assessing the Error Performance of Uncoded and Coded

Digital Communications Schemes using Computer Simulations

In a previous chapter, we managed to obtain a generic mathematical expression for
approximating the error probability for any modulation scheme. This expression has been

obtained assuming transmission over an AWGN channel.

However, there are plenty of practical situations where finding an accurate approximation of the
error probability at the receiver output is very difficult, or sometimes even impossible.

For instance, this may be the case with a communication system using error-correcting coding,
also known as channel coding or error-control coding, in association with the modulation
scheme so as to improve the error performance. In practice, all modern communication

schemes employ an error-correcting code.

This is also the case when the channel is not AWGN. For example, finding an accurate general
expression of the error probability over a flat fading channel is very challenging because some
assumptions that were made to simplify the error probability derivation over an AWGN channel

are no longer valid over a fading channel.

For many of these systems, the only way to obtain an accurate approximation of the error

probability at the receiver output often consists of using computer simulations.

In this chapter, we are going to explain how to simulate the error performance of a

communication system that is protected against transmission errors by an error-correcting code.
Channel coding is a very rich topic that is beyond the scope of this introductory module on digital

communications. We will thus not be able to provide the reader with any significant details about
the various principles and techniques, such as channel capacity, block codes, convolutional
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codes, turbo codes, and LDPC codes, that are today at the core of channel coding. However,
we will still study in class the concept of convolutional codes and Viterbi decoding in order to
better understand the MATLAB experiments. If some readers are interested in knowing more
about channel codes, they are invited to read a separate set of lecture notes written by yours
truly for another module (EEE8099 - Information Theory and Coding).

e Coded modulation schemes — The transmitter

We have depicted below the generic block diagram of a coded modulation scheme, i.e., a

communication system combining a modulation scheme with a channel code.

The block diagram of a transmitter with channel encoding is very similar to that of an uncoded
modulation scheme. However, in coded modulation systems, the information bits are encoded
by a channel encoder, which can typically be a convolutional, turbo, or low-density parity-check
(LDPC) encoder. The coded bits thus generated are then transmitted using the classical

transmitter structure already studied in previous chapters.

cos(2mfyt)
M [ A mi(©) 4
Info Coded| D » A » Transmit filter > x
bits ' E > :
Channel | P1'S M - E L pa
®| encoder U ] 7
x [:: — Modulated
Ly (N3 »| Transmit filter » x signal
/ By mg () T s(t)
T
m parallel bit streams cos (Zﬂfot + E)

The channel encoding process basically consists of introducing some clever dependency
between transmitted bits: the value of any coded bit depends on the values of the preceding
and succeeding coded bits. In other words, with channel coding, only some specific binary

sequences can be transmitted, whereas other sequences are forbidden. When this technique
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is properly implemented, it allows for the correction of most erroneous bits at the receiver side

and thus decreases the bit error probability without any increase in SNR and bandwidth.

An example of channel encoder is shown in the figure below.

. . . 4
Example of an error-correcting encoder with a coding rate R, = .

Vector of four info bits Channel Vector of seven coded bits
(mo my my m3) —> encoder [ (€o €1 €2 ¢3¢4C5¢6)
Co = mO
coL=m

The one-to-one correspondence 1=

between a vector of four info bits _» C2 = My

and a vector of seven coded bits is €3 = M3
defined using seven linear equations €y =My P my D ms

s = my D my G m,
ce = my D m, G my

There are 2* = 16 possible vectors of info bits. Thus, only 16 vectors of coded bits can be generated
among the 27 = 128 possible ones = Only 16 specific binary sequences can exist at the encoder
output. This knowledge can be exploited at the receiver side to correct transmission errors.

In this example, the sequence of information bits is broken into successive vectors of four bits.
The encoder processes each four-bit vector to generate a corresponding vector of seven coded
bits. The processing simply consists of applying a set of seven linear equations given in the

figure above.

The successive seven-bit vectors form the sequence of coded bits to be transmitted over the
channel. One can see that the bits c,, c5, and ¢4 entirely depend on the bits ¢, ¢4, ¢;, and cs.
Those three bits are thus redundant in terms of information content. Their presence however

offers some degree of protection against transmission errors.

Error correction cannot be performed in an uncoded system because the latter only transmit
information bits. These bits are inherently independent, which implies that the value of any of

them does not depend at all on the values of the other ones. Therefore, no information bit can
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tell us anything about the preceding and succeeding ones. In such case, the receiver does not

have the capability to correct any erroneous bit.

The coded bit stream is de-multiplexed into m parallel bit streams. Let (xl,k’xz,kr s xm,k) denote

the vector of m parallel coded bits at time kT, where k is an integer and T is the duration of
each transmitted symbol.

X1,k
» M
Info Coded E X2k é\
bits Channel bits " _ ,
—? encoder g '\ljl IID —> Cie = Ak + B
X : N
xm,k G

The mapping operation converts this m-bit vector (x1,k,xz,k, ...,xm,k) into a pair of real-valued
symbols A, and By, or equivalently a complex symbol C, = A, + jB; that can take M = 2™
different values. Traditionally, we employ Gray mapping since such labeling technique

minimizes the bit error probability for a given symbol error probability.

At the mapping block output, we thus have two streams composed of real-valued symbols A;

and By, or equivalently a single stream composed of complex symbols C, = Ay + jBy.

e Coded modulation schemes — The receiver

cos(2mfyt) D
mi(t) oo | E
R i | Matched filter ‘(,) Ak M R
> ”| (low-pass) — ' A Y Decoded
| . = | U || Channel bits
PA Sampling 2 » x [| decoder —>
Received Matched filter Bie | .
signal r(t) (low-pass) [’ (©) N
1 ! N N
T m streams composed of
cos (Zﬂf ot + E) estimates of the transmitted bits
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At the receiver side, an estimate C; = A4; + jB; of the corresponding transmitted complex

symbol C, is available, at each time kT, at the sampling device output.

In a coded modulation system, the sample Cj, is processed by a de-mapping block whose task
is to convert Cy into a vector (xy,, Xy, ..., Xp) Of real-valued samples that estimate the
transmitted m-bit vector (xl,k,xz,k, ---,Xm,k)- Such de-mapping block does not exist in uncoded

communication systems where it is replaced by a simple decision block.

D | ¥k
E > Estimates of
M| X2k coded bits
, . A » M | (soft decisions) [ channel Decoded
Ck = Ak +]Bk_b p ;J( decoder — b|tS
P
| ,’
N xm,k _
G >

Why do we need to use a de-mapping block in coded systems?

We must first understand that, in most applications, error-correcting decoders operate using
real-valued estimates of the transmitted coded bits. In other words, channel decoders must be

fed with estimates of the transmitted coded bits.

These estimates are often referred to as soft decisions by communication engineers, and the

decoders processing them are thus called soft-decision channel decoders.

Note that it could also be possible to feed channel decoders with bits representing the
transmitted coded sequence. These bits, called hard decisions, would be generated by
employing a decision block at the sample device output, exactly like in uncoded systems. The
channel decoders that are designed to process hard decisions are thus referred to as hard-

decision channel decoders.
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D xi,k
E > Real-valued
M xé’k estimates of
A » M coded bits Soft-decision Decoded
Cie = Al + By P ;J( > channel decoder bits
P .
N
N xm,k ‘\
G - \ Two options:
De-mapping block + soft-decision decoder
OR

X1 Decision block + hard-decision decoder
D 71”( '//
E X5 Bits (hard /
C —» M decisions) Hrd-decision Decoded

C’; - A;‘ +jB”‘ | v > channel decoder bits

S X
I .
@] x1,n,k
N >

The “de-mapping block + soft-decision decoder” option has much better error-correction
capabilities than the “decision block + hard-decision decoder”
- If you have the choice, always go for the “de-mapping block + soft-decision decoder” option.

The fact is that soft-decision decoders have a much better error-correction capability than their
hard-decision counterparts. Therefore, they are de facto the preferred choice for designing

communication systems.

Throughout this module, we will only consider from now on the use of soft-decision channel
decoders because hard-decision decoders are, nowadays, only employed in very few

applications.

The estimates of the transmitted coded bits are generally not available at the sampling device
output because the latter only generates real-valued estimates 4; and B;, of the transmitted

symbols 4, and By.
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The task of the de-mapping block therefore consists of converting each pair of estimates 4,
and By, into m real-valued estimates xj ;, x5, ..., and x,,, of the coded bits x; , x,, ... and
Xmx associated with symbols A4, and B,. These soft decisions x;,, x5, ..., and x,,, are

computed using the corresponding complex sample C, = A}, + jBy,.

Before proceeding further, let us drop the time index k as the time is not relevant throughout
the following calculations and let us, from now on, adopt the following notations:

- C = A + jB denotes the transmitted complex symbol and (x4, x5, ..., X;,) iS the m-bit vector
associated with it.

- C' = A"+ jB' is the corresponding sample available at the de-mapping block input. For an
AWGN channel, we can write A’ = A+ n; and B’ = B + n,, where n,; and n, designate two
independent Gaussian noise samples.

- (x1, x3, ..., x;,) is the vector of samples produced by the de-mapping block. Each sample x;,

i €{1,2,..,m}, is an estimate of the transmitted coded bit x;.

The estimates x; are real numbers and they can be positive or negative. The closer to zero the
value of x; is, the less certain the receiver is regarding the value of the corresponding
transmitted bit x;. In the case where x; = 0, the receiver actually informs the channel decoder
that it does not have any idea about the value of x;. On the other hand, the farthest from zero
the value of x; is, the more certain the receiver is regarding the value of the corresponding

transmitted bit x;.

Over an AWGN channel, the estimate x;, i € {1, 2, ..., m}, of the coded bit x; is computed using
the generic expression

, 0—211’1 (Pr{xi=O|C’}) ’

x =
t 2 Pr{x;=1/C"}

where o2 denotes the variance of the noise samples n; and n,.

After a few mathematical manipulations, we obtain
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d?(c'.c)
2 Ycen -exp{— 7 }
1 _ 0O 0,0 20
X 7 In ( s

d%(c’,c
ECeAl‘iexp{_ ( )}

202

where d?(C’,C) = (A’ — A)?> + (B’ — B)? designates the square of the Euclidean distance
between the sample " and a particular symbol C in the constellation, whereas 4;;, j = 0 or 1
and i € {1,2,...,m}, represents the set of all symbols ¢ whose mapping label is j in the i-th

position.

In this expression, we assume that the channel decoder uses the following convention: a
negative estimate x; is indicative of a coded bit equal to one, whereas a positive estimate x; is
indicative of a coded bit equal to zero. We adopt this convention here as it is the one used by

the Viterbi decoder that you will consider in your MATLAB programs.

For example, a soft decision x; = 0.1 indicates that the receiver believes that the coded bit x;
is positive, i.e., equal to zero with the convention defined above. However, the fact that x; is in
fact hardly positive also indicates that the belief of the receiver is very weak, and the coded bit
x; Is in fact almost as likely to be a one as a zero. This is very precious information that the soft-

decision channel decoder can exploit to provide optimal error correction.

Let us consider another example. An estimate x; = —3.2 indicates that the receiver believes
that the coded bit x; is equal to one. The fact that x; is very negative also indicates that the
belief of the receiver is very strong, meaning that the coded bit x; is much more likely to be a
one than a zero. Once again, this is very precious information that can be exploited by the

channel decoder.

As an illustration, consider the very simple case of BPSK modulation with the following
mapping: x;, =0->A=+1and x; =1 - A = —1. The de-mapper output is given by
o2 exp{—(A'_?z} o2 [ (A-1? | (A+1)?
RSN e ) W V7L Y

(A'+1)2 2 2
exp{_ Y 2 20 20
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This result shows that, for BPSK, no de-mapping block is in fact needed since the estimate x;

of the bit x; is already available at the sampling device output.

EXAM Pl —-mmmm e e

Consider the 4-QAM constellation with Gray mapping shown below. Find the two de-mapping

equations for this modulation scheme.

B
X1X7
t
+1 00
01. --=-F---@
1 1
| |
1, 1
1 1
1 1 ’A
| I
I I
1
1® 7570y

The sets A;;, j =0 or1andi € {1,2}, are defined as follows:
For the coded bit x;: Ag; = {+1+j,—-1+j}and Ay, ={+1—j,—1—j};
For the coded bit x,: Ag, = {+1+j,+1 —j}and A, ={-1+j,—1—j}.

The computation of the first estimate x; is thus done as follows:

—_1\2 —1\2 1 2 _1\2
5 exp{ (A'-1)“+(B'-1) }+exp{ (A'+1)%+(B'-1) })

1 _ 9 202 252
*1 =3 In (a— 1)2+(B+1)2} exp{ (A’+1)2+(B’+1)2} 1

exp

202 202

7 g

which can be writtenas  x; = —In

(B'-1)2 (A'-1)2 (A'+1)?

{ 202 }[ { 202 }+exp{ 202 }]
(B+1)?2 (A-1)?2 @+ )

eXp{ 202 }[ { 202 } Xp{ 202 }]

2 exp (320;)2}> 2( (B'-1)? n (B’+1)2) _pB
|

. . I o__ e
which finally leads to x; =—In B2 202 202

exp

The computation of the second estimate x; is performed as follows:
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exp

202 202

(A+1)2+(B"— 1)2} +ex { (A+1)2+(B+1)2})’

ex{ (A=1)2+(B- 1)} ex{ (A-1)2+(B'+1)?
= —ln b 207 20

which can be written as  x, = (eXp (Azo? }[e"p{ (326;)2} { (Bz;) }

2 B 2 B 2
exp 4 +1) }[ { (za;) }+exp{ (2;) }])

(a-1)
) B 2 expy— pn 2 __1\2 ' 2 ,
thus leading to x, =< In {—222} ="—(—(A L +(A+1))=A_
2 exp{_M} 2 202 202
202

N

These results clearly show that, for 4-QAM, no de-mapping block is needed since the estimates

of both bits x, and x, are already available at the sampling device output.

EXAM D@ —mmm oo

Consider the 4-ASK constellation with Gray mapping depicted below. Find the two de-mapping

equations for this modulation scheme.

3 -1 41 +3
@ ® ® @ » A
10 11 01 00

The sets A;;, j = 0or1andi € {1,2}, are defined as follows:
- For the coded bit x;: Ay = {+1,+3}and A, = {-3,-1},
- For the coded bit x;: Ag, = {—3,+3} and A;, = {-1,+1}.

The first de-mapping expression is given by

(A’—3)2} { (A’—1)2}
o2 In (exp{ 252 +exp Py )

X, =—
1~ . 2 D 2 .
exp{ (AZZ? }+exp{ (A%1) }

202

This expression is quite complicated, and it is thus worth simplifying it. This can be done as

follows:
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2 202 202

(4=3)?
2 expy— 2 __2\2 ' 2
If A’ > +2, then x| ~ c%ln <M> = "—(— (4=3)7 | (a%1) ) =24 — 2.

A'+1)2
exp{—( 202) }

o2 exp{_(AZ';;)Z} o2 (4'-1)? (4'+1)?
If |A'] < +2, then x] ~ —In| ——27 =7(_ - e ):A’.
exp{— 202 }

(4a-1)?
2 expy— 2 —__1)2 ' 2
If A’ < —2, then x| ~ c%ln <M> = "—(— (4-1)”7 | (a%3) ) =24 + 2.

_(A+3)2 2 202 202
exp{ 20_2 }

1A

X1

The probability x; = 24" -2
of x; being a
Zero increases , ,

x1 = A

-2 /
. ' p A
+2

The probability
of x; being a

one increases
x; =2A"+2

The second de-mapping expression is given by

(A'-3)2 (A’+3)2}
o2 (exp{ 252 }+exp{ 202 )

_ln B 2 n 2 .
exp{ (4-1) }+exp{ (A1) }

202

X3

202

This expression can be simplified as follows:

o2 eXp{‘(Azl_z)z} o ( (4=3)?  (4'-1)?
If 4> 0, then xj ~ ZIn | ——22 | =2 (- + )=a-2.

202 202

202 202

2 2 [ 2 ' 2
|fA'<0,thenxg~"71n< ):"7(—(‘”3) +(A+1))=—A’—2.

The last two equations can be combined to form the following expression, applicable for all

values of the received sample A": x; ~ |A’| — 2.
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A I [y Y
The probability X =—A"—2 X =4 -2
of x, being a

Zero increases

p A’

The probability
of x, being a
one increases -2

e De-mapping equations for a flat fading channel with perfect channel state information

Recall that the estimate C' = A’ + jB' is the complex sample available at the de-mapping block
input. For a flat fading channel, we can write A" = hA + n, and B’ = hB + n,, where h is a fading
sample that follows either a Rice-Nakagami distribution or a Rayleigh distribution, whereas n,

and n, designate two independent Gaussian noise samples.

Over a flat fading channel with perfect channel state information (CSI), the de-mapping
expressions must be different from those employed over an AWGN channel. Those expressions
must take into account the fact that the fading sample values are known at the receiver side. In
other words, their knowledge can be exploited by the de-mapping block in order to achieve

optimal error performance.

Over a flat fading channel with perfect CSl, the estimate x;, i € {1, 2, ..., m}, of the coded bit x;
is computed using the generic expression

;L a—zln (Pr{xi=0|h,C’}) ’

xX: =
l 2 Pr{x;=1|h,C'}

where o2 denotes the variance of the noise samples n; and n,.
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After a few mathematical manipulations, we obtain

d2(c’ .nc
. 6—211’1 (ZCEAOJ eXp{— (2[,2 )}>’

X: =
i d%(c’,nc
2 Yceay ; EXP{—(ZT)}

where d?(C’,hC) = (A’ — hA)? + (B’ — hB)? designates the square of the Euclidean distance
between the sample ' and a particular symbol hC in the constellation, whereas 4;;, j =0 or 1
and i € {1, 2,...,m}, represents the set of all symbols C whose mapping label is j in the i-th
position.

EX @M Pl —ommmm oo e

Consider the 4-ASK constellation with Gray mapping depicted below. Find the two de-mapping

equations for this modulation scheme.

-3 -1 +1 +3
@ @ @ » A
10 11 01 00

The sets A;;, j = 0or1andi € {1,2}, are defined as follows:
- For the coded bit x;: Ay = {+1,+3}and A, = {-3,-1},
- For the coded bit x,: Ag, = {—3,+3}and A;, = {-1,+1}.

The first de-mapping expression is given by

A'-3h)? A'=h)?

, o2 exp{——( 202) }+exp{—( 202) }

X1 = —In (A'+3h)2 (A+n)2) |
exXpy—=— 5[ +eXp|— 5~

202

This expression is quite complicated, and it is thus worth simplifying it. This can be done as

follows:
' , o? exp{—imlz_;? )2} o? (A'-3h)2 = (A'+h)? ,
If A" > +2h, then X1~ 711’1 W = 7(— 202 + ) ) = Zh(A - h)
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202

(a-n?
2 expy— 2 —pn)2 I 2

exp{—(A""h)z} 2 202 202

o? (A'-h)? = (A+3h)?
2 (_ 202 + 2
o 20

o2 exp{—@}
If A' < —2h, then x] ~ ZIn| — 22— | = ) = 2h(A’ + h).

A'+3h)2
exp{——( 202) }

The second de-mapping expression is given by

(A’—3h)2} { (A’+3h)2}
o2 1 (exp{ 702 +exp 202 )
> .

exp{ (A’_h)2}+exp{ (A’+h)2}

202

202

This expression can be simplified as follows:

(A'-3h)2
exp{— 202 }) _ 0_2(_ (A'-3h)? N (A’—h)Z) = h(4A' - 2h).

0-2
If A > 0, then x; ~ S In

exp{_%} T2 202 202
, ’ o? eXp{_(A::-g)z} o? (A'+3h)? (A'+h)? ,
If A" <0, then x, ~ ZIn W :7(_ =420 ): h(—A' — 2h).

The last two equations can be combined to form the following expression, applicable for all

values of the received sample A": x; ~ h(|A’| — 2h).
e Computer simulations of coded modulation schemes

Computer simulations can be used to assess the error performance of a coded modulation

scheme with great accuracy. The first stage consists of generating a stream of N information

bits with Pr{0} = Pr{1} = % Then, this stream is encoded by the channel encoder.

At the encoder output, the length of the corresponding binary sequence is Rﬂ coded bits, where

R. is the coding rate of the error-correcting code. The coding rate of a channel code is the ratio
between the number of information bits and the number of coded bits generated by encoding
these information bits. The coding rate is always less than the unit because each information

bit generates more than one coded bit. So we always have R, < 1.
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Vector of K info bits el Vector of L coded bits

(mo,ml, ...,mk_l) — encoder —> (CO, C1, "'ICL—l)

The sequence of information bits is ‘ The successive L-bit vectors form the

broken into successive vectors of K bits. sequence of coded bits to be transmitted.

The encoder processes each K-bit
vector in order to generate a
corresponding vector of L coded bits.

A sequence of N info bits is converted into a sequence of Rﬂ coded bits, where R, = % designates the
c

coding rate. The fact that R, < 1 implies that a coded system must transmit more bits than its uncoded
counterpart. Those redundant bits are used at the receiver side to detect and then correct the

After de-multiplexing of the coded bit stream, the k—th vector composed of m coded bits is

mapped onto a constellation symbol Cy, i.e., a pair of real-valued symbols A4, and By,.

Note that each transmitted constellation symbol C, carries the information corresponding to m
coded bits, i.e., only mR. information bits. Thus, the spectral efficiency of the whole
communication system is no longer m bits/s/Hz as in the uncoded case, but instead it is reduced
to mR, bits/s/Hz.

The use of channel coding thus reduces the spectral efficiency by a factor equal to the coding
rate of the channel code. That is the main drawback of coded systems. In fact, this is the price

to pay for an improved bit error performance.

This is a crucial point that must always be considered when comparing the error performance
of different coded modulation systems. Error performance comparisons between different
communication systems are meaningful only when all schemes have identical spectral

efficiencies.
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bits Error- l E xz”‘= P | C [ channel | Ck | A xZ"‘: M Error- | Ndecoded
—| correcting M P model » P | U » correcting > bits
encoder U | I P v X decoder
X m,k: N I m’k:
/e A
G
m parallel streams, each N m parallel streams, each
composed of m’; bits C transmitted symbols Cj composed of ml\;
and corresponding estimates of coded bits

estimates Cj,

Then, the transmission of constellation symbols C, = A, + jB) over the channel is simulated by

computing the channel outputs A; and By, as a function of A, and By,.

We often consider the following channel model: 4j, = h, Ay + n,, and By, = hyBy + n,, Where

ny, and n,, are two independent zero-mean Gaussian noise samples with a variance o2 =

&)
2 \Ng '

For an AWGN channel, we simply assume that h, = 1,Vk, whereas, for a (normalized) flat
Rayleigh fading channel, we assume that the quantity h; follows a Rayleigh distribution. In this

case, the sample h;, is generated using the expression

— ’ 2 2
hk -_ Wk,l + Wk,z,

where w; ; and wy, denote two independent zero-mean Gaussian samples with a variance

2 1
O =7
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Since the error performance of the system is ultimately a function of the SNR per information

bit, % we need to specify in any computer simulation program the relation between 42 and Zp
0 0

which is given by

o) =) )
2\, 2\ N 2mRc \No/ '

since, in a coded modulation system, each complex symbol C, carries mR, information bits.

If the SNR is expressed in decibels (dB), we use the following equation instead:

_L.(E_b)
o2 =——10 0 Noas,
2mR.

EXAMPIE L —mmmm oo
Coded 4-QAM combined to a channel code with a coding rate R, = % (spectral efficiency n = 1

bit/s/Hz). The constellation symbols are suchthatC, € {+1+j,-1+j,—1 —j,+1 —j}. We have

v 2 ~01(52)
y = 2 and m = 2, which yields ¢ = 10 No’qp,

EXamMPlE 2 —mmmmm e oo
Coded QPSK combined to a channel code with R, = % (n = 1 bit/s/Hz). The symbols A4, and By

are located on the unit-energy circle: C, € {+1,+j,—1,—j}. We have y =1 and m = 2, which

—o1-(Er
yields 2 = % x10 (NO)dB.

Example 3 e e e e
Uncoded 4-QAM (n = 2 bits/s/Hz) with symbols C, € {+1+j,—-1+j,—1—j,+1 — j}. We have

1100t
R, =1,y =2 and m = 2, which yields ¢? =-x10 No/qp,

Example 4 e EEE e e L EE R PR
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Coded 8-PSK combined to a channel code with R, = 2 (n = 2 bits/s/Hz). The eight symbols are

. . ) +14j . —14j -1-j ., +1-j
located on the unit-energy circle: C; € {+1, % , 1), NG ,—1, 55 } We havey =1 and
: : 2 _ 1 _0'1'(E_b)
m = 3, which yields ¢* = 2 x 10 No/ap,
Example 5 ----------mmmmmme - O TP EE T
_ . . +1+j . —14j _ -1—j . +1—j
Uncoded 8-PSK (1 = 3 bits/s/Hz) with ¢, € {+1,2/ R o . We have R,

1,y = 1 and m = 3, which yields ¢? = = >< 100" (No)d

Example 6 e e
Coded 16-QAM combined to an error-correcting code with R, =% (n = 3 bits/s/Hz). The

constellation symbols are such as A, B, € {—3,—1,+1,+3}. We have y = 10 and m = 4, which

01(52),,

yields 2 = g X 10

Example 7 mmmmmmeeees e -
Uncoded 16-QAM (n = 4 bits/s/Hz) with Ay, By, € {—3,—1,+1,+3}. We have R, = 1, y = 10 and

Ep
m = 4, which yields o2 = % %10 " (No)dB

At the receiver side, the k-th channel estimate C,, = 4}, + jBy, is processed by the de-mapping
block so as to produce the k-th vector composed of m real-valued samples x; ., i € {1,2, ..., m}.
These samples estimate the m coded bits x;,,i € {1,2, ..., m}, that were associated with the
transmitted complex symbol C, = A, + jB, at the transmitter side. Finally, after multiplexing,

the samples are fed into the soft-decision channel decoder.
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Rﬂ estimates of the

D transmitted coded bits
E
Y HIN j
A » M Error-
. —{ P o U correcting — N decoded bits
P o X decoder
I
N »
G \
m parallel streams, each composed of ml\;
(o}

estimates of the transmitted coded bits

At this stage, we can compute the bit error rate (BER) which is a measure of the bit error
probability P,,. To do so, the sequence of information bits is compared with the decoded
sequence: an error event is counted every time a decoded bit is different from the corresponding
transmitted information bit. Finally, the BER is obtained by dividing the total number of errors

by the number N of transmitted information bits.

- END -
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