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8. Digital Communication Receivers 

 

We have represented below the generic structure of a digital communication receiver. 

 

 

 

 

 

 

 

 

 

 

 

The received signal must be amplified since the signal power received by the antenna is usually 

quite low. 

 

 

 

 

Some thermal noise is added to the received signal at this stage. This noise originates from the 

movement of electrons inside the connections and components of the RF power amplifier used 

at the front-end of the radio receiver, often referred to as a low-noise amplifier. 

 

It is necessary for a low-noise amplifier to boost the desired signal power, i.e., amplify 𝑠(𝑡), 

while adding as little noise and distortion as possible so that the retrieval of the transmitted 

symbols 𝐶𝑘 is possible in the later stages of the receiver. This is in fact at that stage that a noise 

process 𝑛(𝑡) is added to the signal 𝑠(𝑡). This noise added by the low-noise amplifier is modeled 
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as additive white Gaussian noise (AWGN). The temporal and spectral characteristics of a white 

and Gaussian noise process were explained in previous chapters. 

 

In the real world, the AWGN is not the only disturbance that affects the transmitted signal 𝑠(𝑡). 

For instance, many wireless channels are subject to interference that is even more detrimental 

to communications integrity than the AWGN: 

• Interference among different users. We talk here about phenomena such as multi-user 

interference and co-channel interference that are beyond the scope of this module. 

• Interference among several randomly-attenuated and randomly-delayed versions of the same 

signal. This kind of interference is typically present on multi-path channels. 

• Interference among successive symbols carried by the same signal. This is known as inter-

symbol interference. We already had a taste of this issue in the previous chapter. 

 

Throughout this chapter, we will assume for now that the channel is an AWGN channel, i.e., 

the received signal 𝑟(𝑡) at the low-noise amplifier output is given by  

𝑟(𝑡) = 𝑠(𝑡) + 𝑛(𝑡), 

where 𝑠(𝑡) is the transmitted band-pass signal and 𝑛(𝑡) is a zero-mean Gaussian noise process 

with constant power spectral density (PSD), i.e., 𝛷𝑛(𝑓) =
𝑁0

2
 for all frequency values. Note that 

we do not define a variance for 𝑛(𝑡) as the variance of any white random process is infinite. 

 

• Signal present at the in-phase mixer output 
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First, we are going to focus on the in-phase component of the receiver. 

 

To obtain the base-band signal 𝑚𝑖
′(𝑡), which is an estimate of the base-band signal 𝑚𝑖(𝑡)  

present at the transmitter side, one has first to demodulate the signal 𝑟(𝑡) by mixing it with a 

locally-generated carrier signal cos(2𝜋𝑓0𝑡). 

 

The expression of the received signal can be written as follows: 

𝑟(𝑡) = 𝑠(𝑡) + 𝑛(𝑡) = ∑ 𝐴𝑘 ⋅ ℎ(𝑡 − 𝑘𝑇) ⋅
+∞
𝑘=0 cos(2𝜋𝑓0𝑡) + 𝐵𝑘 ⋅ ℎ(𝑡 − 𝑘𝑇) ⋅ cos ቀ2𝜋𝑓0𝑡 +

𝜋

2
ቁ + 𝑛(𝑡), 

which is equivalent to 

𝑟(𝑡) = 𝑠(𝑡) + 𝑛(𝑡) = ∑ 𝐴𝑘 ⋅ ℎ(𝑡 − 𝑘𝑇) ⋅
+∞
𝑘=0 cos(2𝜋𝑓0𝑡) − 𝐵𝑘 ⋅ ℎ(𝑡 − 𝑘𝑇) ⋅ sin(2𝜋𝑓0𝑡) + 𝑛(𝑡). 

 

The signal at the mixer output is then expressed as 

𝑟(𝑡) ⋅ cos(2𝜋𝑓0𝑡) = ∑ 𝐴𝑘 ⋅ ℎ(𝑡 − 𝑘𝑇) ⋅
+∞
𝑘=0 cos2(2𝜋𝑓0𝑡) − 𝐵𝑘 ⋅ ℎ(𝑡 − 𝑘𝑇) ⋅ sin(2𝜋𝑓0𝑡) ⋅ cos(2𝜋𝑓0𝑡) +

𝑛(𝑡) ⋅ cos(2𝜋𝑓0𝑡). 

 

We remember that 

cos(𝑎) cos(𝑏) =
1

2
⋅ [cos(𝑎 + 𝑏) + cos(𝑎 − 𝑏)] and sin(𝑎) cos(𝑏) =

1

2
⋅ [sin(𝑎 + 𝑏) + sin(𝑎 − 𝑏)]. 

 

We thus have cos2(2𝜋𝑓0𝑡) =
1

2
⋅ [1 + cos(4𝜋𝑓0𝑡)] and cos(2𝜋𝑓0𝑡) ⋅ sin(2𝜋𝑓0𝑡) =

1

2
⋅ sin(4𝜋𝑓0𝑡). 

 

Therefore, the signal at the mixer output can be written as 

𝑟(𝑡) ⋅ cos(2𝜋𝑓0𝑡) = ∑
𝐴𝑘

2
⋅ ℎ(𝑡 − 𝑘𝑇)+∞

𝑘=0 + ∑
𝐴𝑘

2
⋅ ℎ(𝑡 − 𝑘𝑇) ⋅+∞

𝑘=0 cos(4𝜋𝑓0𝑡) − ∑
𝐵𝑘

2
⋅+∞

𝑘=−∞

ℎ(𝑡 − 𝑘𝑇) ⋅ sin(4𝜋𝑓0𝑡) + 𝑛(𝑡) ⋅ cos(2𝜋𝑓0𝑡). 

 

We now need to find the characteristics of the noise 𝑛𝑖
′(𝑡) = 𝑛(𝑡) ⋅ cos(2𝜋𝑓0𝑡) present at the in-

phase mixer output. We must remember that, at any time 𝑡, 𝑛(𝑡) is a random variable as 𝑛(𝑡) 

is a random process, whereas cos(2𝜋𝑓0𝑡) is simply a number as cos(2𝜋𝑓0𝑡) is a deterministic 

signal. 
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The noise process 𝑛𝑖
′(𝑡) has the same distribution as 𝑛(𝑡) since multiplying a random variable 

by any number does not have any effect on the shape of its probability density function.    

 

Recall that 𝑛(𝑡) is Gaussian with a mean equal to zero. Therefore, 𝑛𝑖
′(𝑡) is also Gaussian with 

a mean 𝑚 given by 

𝑚 = 𝐸{𝑛𝑖
′(𝑡)} = 𝐸{𝑛(𝑡)} ⋅ 𝐸{cos(2𝜋𝑓0𝑡)} = 𝐸{𝑛(𝑡)} ⋅ cos(2𝜋𝑓0𝑡) = 0. 

 

We also need to know whether 𝑛𝑖
′(𝑡) is a white noise process. One way to answer this question 

consists of determining its autocorrelation function. The autocorrelation function 𝛤𝑛𝑖
′(𝑡) of the 

random process 𝑛𝑖
′(𝑡) can be computed as follows: 

𝛤𝑛𝑖
′(𝑡) = 𝐸𝜏{𝑛𝑖

′(𝜏) ⋅ 𝑛𝑖
′(𝜏 − 𝑡)} = 𝐸𝜏{𝑛(𝜏) ⋅ 𝑛(𝜏 − 𝑡)} ⋅ 𝐸𝜏{cos(2𝜋𝑓0𝜏) ⋅ cos(2𝜋𝑓0[𝜏 − 𝑡])} 

=
1

2
⋅ 𝛤𝑛(𝑡) ⋅ [𝐸𝜏{cos(2𝜋𝑓0𝑡)} + 𝐸𝜏{cos(2𝜋𝑓0[2𝜏 − 𝑡])}] =

1

2
⋅ 𝛤𝑛(𝑡) ⋅ cos(2𝜋𝑓0𝑡) 

=
𝑁0

4
⋅ 𝛿(𝑡) ⋅ cos(2𝜋𝑓0𝑡) =

𝑁0

4
⋅ 𝛿(𝑡) ⋅ cos(0) =

𝑁0

4
⋅ 𝛿(𝑡). 

 

This is the autocorrelation function of a white noise process with a power spectral density 

𝛷𝑛𝑖
′(𝑓) =

𝑁0

4
 for all frequencies. Hence, 𝑛𝑖

′(𝑡) is a white random process. 

 

• Signal present at the quadrature mixer output 

 

We are now going to focus on the quadrature component of the receiver. 
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To obtain the base-band signal 𝑚𝑞
′ (𝑡), which is an estimate of the base-band signal 𝑚𝑞(𝑡),  

present at the transmitter side, one has first to demodulate the signal 𝑟(𝑡) by mixing it with a 

locally-generated carrier signal cos ቀ2𝜋𝑓0𝑡 +
𝜋

2
ቁ = −sin(2𝜋𝑓0𝑡). 

 

Recall that the expression of the received signal is given by 

𝑟(𝑡) = 𝑠(𝑡) + 𝑛(𝑡) = ∑ 𝐴𝑘 ⋅ ℎ(𝑡 − 𝑘𝑇) ⋅
+∞
𝑘=0 cos(2𝜋𝑓0𝑡) − 𝐵𝑘 ⋅ ℎ(𝑡 − 𝑘𝑇) ⋅ sin(2𝜋𝑓0𝑡) + 𝑛(𝑡). 

 

The signal at the quadrature mixer output is then expressed as 

−𝑟(𝑡) ∙ 𝑠𝑖𝑛(2𝜋𝑓0𝑡) = ∑ −𝐴𝑘 ⋅ ℎ(𝑡 − 𝑘𝑇) ⋅
+∞
𝑘=0 cos(2𝜋𝑓0𝑡) ∙ sin(2𝜋𝑓0𝑡) + 𝐵𝑘 ⋅ ℎ(𝑡 − 𝑘𝑇) ⋅

sin2(2𝜋𝑓0𝑡) − 𝑛(𝑡) ⋅ sin(2𝜋𝑓0𝑡). 

 

We remember that 

cos(𝑎) sin(𝑏) =
1

2
⋅ [sin(𝑎 + 𝑏) − sin(𝑎 − 𝑏)] and sin(𝑎) sin(𝑏) =

1

2
⋅ [cos(𝑎 − 𝑏) − cos(𝑎 + 𝑏)]. 

 

We thus have cos(2𝜋𝑓0𝑡) sin(2𝜋𝑓0𝑡) =
1

2
⋅ sin(4𝜋𝑓0𝑡) and sin2(2𝜋𝑓0𝑡) =

1

2
⋅ [1 − cos(4𝜋𝑓0𝑡)]. 

 

We thus obtain 

−𝑟(𝑡) ∙ sin(2𝜋𝑓0𝑡) = −∑
𝐴𝑘

2
⋅ ℎ(𝑡 − 𝑘𝑇) ⋅+∞

𝑘=0 sin(4𝜋𝑓0𝑡) + ∑
𝐵𝑘

2
⋅ ℎ(𝑡 − 𝑘𝑇)+∞

𝑘=0 − ∑
𝐵𝑘

2
⋅+∞

𝑘=0

ℎ(𝑡 − 𝑘𝑇) ⋅ cos(4𝜋𝑓0𝑡) − 𝑛(𝑡) ⋅ sin(2𝜋𝑓0𝑡). 

 

We now need to find the characteristics of the noise 𝑛𝑞
′ (𝑡) = −𝑛(𝑡) ⋅ sin(2𝜋𝑓0𝑡) present at the 

quadrature mixer output. We must remember that, at any time 𝑡, 𝑛(𝑡) is a random variable as 

𝑛(𝑡) is a random process, whereas sin(2𝜋𝑓0𝑡) is simply a number as sin(2𝜋𝑓0𝑡) is a 

deterministic signal. 

 

The noise process 𝑛𝑞
′ (𝑡) has the same distribution as the noise process 𝑛(𝑡) since multiplying 

a random variable by any number does not have any effect on the shape of its probability 

density function.    
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Recall that 𝑛(𝑡) is Gaussian with a mean equal to zero. Therefore, 𝑛𝑞
′ (𝑡) is also Gaussian with 

a mean 𝑚 given by 

𝑚 = 𝐸{𝑛𝑞
′ (𝑡)} = −𝐸{𝑛(𝑡)} ⋅ 𝐸{sin(2𝜋𝑓0𝑡)} = −𝐸{𝑛(𝑡)} ⋅ sin(2𝜋𝑓0𝑡) = 0. 

 

We also need to know whether 𝑛𝑞
′ (𝑡) is a white noise process. To do so, we are going to 

determine its autocorrelation function. 

 

The autocorrelation function 𝛤𝑛𝑞′ (𝑡) of the random process 𝑛𝑞
′ (𝑡) = −𝑛(𝑡) ⋅ sin(2𝜋𝑓0𝑡) can be 

computed as follows:  

𝛤𝑛𝑞′ (𝑡) = 𝐸𝜏{𝑛𝑞
′ (𝜏) ⋅ 𝑛𝑞

′ (𝜏 − 𝑡)} = 𝐸𝜏{𝑛(𝜏) ⋅ 𝑛(𝜏 − 𝑡)} ⋅ 𝐸𝜏{sin(2𝜋𝑓0𝜏) ⋅ sin(2𝜋𝑓0[𝜏 − 𝑡])} 

=
1

2
⋅ 𝛤𝑛(𝑡) ⋅ [𝐸𝜏{cos(2𝜋𝑓0𝑡)} − 𝐸𝜏{cos(2𝜋𝑓0[2𝜏 − 𝑡])}] =

1

2
⋅ 𝛤𝑛(𝑡) ⋅ cos(2𝜋𝑓0𝑡) 

=
𝑁0

4
⋅ 𝛿(𝑡) ⋅ cos(2𝜋𝑓0𝑡) =

𝑁0

4
⋅ 𝛿(𝑡) ⋅ cos(0) =

𝑁0

4
⋅ 𝛿(𝑡). 

 

This is the autocorrelation function of a white noise process with a power spectral density 

𝛷𝑛𝑞′ (𝑓) =
𝑁0

4
 for all frequencies. Hence, 𝑛𝑞

′ (𝑡) is a white random process. 

 

• Are 𝒏𝒊
′(𝒕) and 𝒏𝒒

′ (𝒕) independent random processes? 

 

To answer this question, we must first realise that the random processes 𝑛𝑖
′(𝑡) and 𝑛𝑞

′ (𝑡) are 

jointly Gaussian. In other words, any linear combination of them is Gaussian. 

 

It is indeed easy to see that a random process defined as 

𝛼 ∙ 𝑛𝑖
′(𝑡) + 𝛽 ∙ 𝑛𝑞

′ (𝑡) = 𝑛(𝑡) ∙ [𝛼 ∙ cos(2𝜋𝑓0𝑡) − 𝛽 ∙ sin(2𝜋𝑓0𝑡)], 

where 𝛼 and 𝛽 designate two arbitrary real numbers, is Gaussian. 

 

If two jointly Gaussian random processes are uncorrelated, then they are independent. So, to 

prove the independence of 𝑛𝑖
′(𝑡) and 𝑛𝑞

′ (𝑡), we now need to show that these two jointly 

Gaussian random processes are uncorrelated. 
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The correlation between the random processes 𝑛𝑖
′(𝑡) and 𝑛𝑞

′ (𝑡) can be determined by 

evaluating their cross-correlation function, defined as 𝛤𝑛𝑖
′,𝑛𝑞

′ (𝑡) = 𝐸𝜏{𝑛𝑖
′(𝜏) ⋅ 𝑛𝑞

′ (𝜏 − 𝑡)}, and 

showing that it is equal to 𝐸𝜏{𝑛𝑖
′(𝜏)} ⋅ 𝐸𝜏{𝑛𝑞

′ (𝜏 − 𝑡)} = 0. As 𝑛𝑖
′(𝑡) and 𝑛𝑞

′ (𝑡) have means equal 

to zero, we indeed have 𝐸𝜏{𝑛𝑖
′(𝜏)} = 𝐸𝜏{𝑛𝑞

′ (𝜏 − 𝑡)} = 0.     

 

The cross-correlation function 𝛤𝑛𝑖
′,𝑛𝑞

′ (𝑡) can be computed as follows:  

𝛤𝑛𝑖
′,𝑛𝑞

′ (𝑡) = 𝐸𝜏{𝑛𝑖
′(𝜏) ⋅ 𝑛𝑞

′ (𝜏 − 𝑡)} = −𝐸𝜏{𝑛(𝜏) ⋅ 𝑛(𝜏 − 𝑡)} ⋅ 𝐸𝜏{cos(2𝜋𝑓0𝜏) ⋅ 𝑠𝑖𝑛(2𝜋𝑓0[𝜏 − 𝑡])} 

= −
1

2
⋅ 𝛤𝑛(𝑡) ⋅ [𝐸𝜏{sin(2𝜋𝑓0[2𝜏 − 𝑡])} − 𝐸𝜏{sin(2𝜋𝑓0𝑡)}] =

1

2
⋅ 𝛤𝑛(𝑡) ⋅ sin(2𝜋𝑓0𝑡) 

=
𝑁0

4
⋅ 𝛿(𝑡) ⋅ sin(2𝜋𝑓0𝑡) =

𝑁0

4
⋅ 𝛿(𝑡) ⋅ sin(0) = 0. 

 

As the cross-covariance function 𝛤𝑛𝑖
′,𝑛𝑞

′ (𝑡) is equal to zero for all values of 𝑡, we can state that 

the random processes 𝑛𝑖
′(𝑡) and 𝑛𝑞

′ (𝑡) are uncorrelated. As they are also jointly Gaussian, we 

then conclude that they are independent. 

 

• Expression of the in-phase baseband signal 𝒎𝒊
′(𝒕) 

 

Both signals present at the mixer outputs then go through low-pass filters with an impulse 

response 𝑞(𝑡) and a transfer function 𝑄(𝑓). 

 

 

 

 

 

 

 

 

 

 

cos(2𝜋𝑓0𝑡) 

Base-band signal 𝑚𝑖
′(𝑡) 

𝑟(𝑡) 

Matched filter 
(low-pass) 

Matched filter 
(low-pass) 

Base-band signal 𝑚𝑞
′ (𝑡)  

cos ቀ2𝜋𝑓0𝑡 +
𝜋

2
ቁ 
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Let us first focus on the in-phase component. At the in-phase low-pass filter output, we obtain 

the base-band signal 𝑚𝑖
′(𝑡) given by 

𝑚𝑖
′(𝑡) = ∑

𝐴𝑘

2
⋅ ℎ(𝑡 − 𝑘𝑇)+∞

𝑘=0 ∗ 𝑞(𝑡) + 𝑛𝑖
′(𝑡) ∗ 𝑞(𝑡). 

 

But, this low-pass filter is in fact designed very carefully. In order to maximize the signal-to-

noise ratio (SNR) of the base-band signal, the low-pass filter is designed so that its impulse 

response 𝑞(𝑡) is matched to the pulse shape. The demonstration of this result is not detailed 

here as it is a rather lengthy one that is more suited to a module on detection theory. 

 

In other words, the impulse response 𝑞(𝑡) is given by 𝑞(𝑡) = ℎ(𝑇𝑝 − 𝑡). The use of a matched 

filter at the receiver side guarantees optimal error performance at the receiver output. 

 

We can thus write 𝑚𝑖
′(𝑡) = ∑

𝐴𝑘

2
⋅ ℎ(𝑡 − 𝑘𝑇)+∞

𝑘=0 ∗ ℎ(𝑇𝑝 − 𝑡) + 𝑛𝑖
′(𝑡) ∗ ℎ(𝑇𝑝 − 𝑡). 

 

Let us focus first on the first term in this expression. 

 

It can be shown that the Fourier transform of the term ℎ(𝑡 − 𝑘𝑇) ∗ ℎ(𝑇𝑝 − 𝑡) is expressed as 

𝐻(𝑓) ⋅ 𝑒−𝑗2𝜋𝑓𝑘𝑇 ⋅ 𝐻∗(𝑓) ⋅ 𝑒−𝑗2𝜋𝑓𝑇𝑝 = 𝐻(𝑓) ⋅ 𝐻∗(𝑓) ⋅ 𝑒−𝑗2𝜋𝑓(𝑘𝑇+𝑇𝑝) = 𝐺(𝑓) ⋅ 𝑒−𝑗2𝜋𝑓(𝑘𝑇+𝑇𝑝). 

 

The result is the Fourier transform of a term 𝑔(𝑡 − 𝑘𝑇 − 𝑇𝑝), with 𝑔(𝑡) = ℎ(𝑡) ∗ ℎ(−𝑡) =

∫ ℎ(𝜏)
+∞

−∞
⋅ ℎ(𝜏 − 𝑡)𝑑𝜏 . 

 

Note that 𝑔(0) = ∫ [ℎ(𝜏)]2
+∞

−∞
𝑑𝜏 = 𝐸ℎ, where 𝐸ℎ designates the energy of the pulse ℎ(𝑡). 

 

We then obtain 𝑚𝑖
′(𝑡) = ∑

𝐴𝑘

2
⋅ 𝑔(𝑡 − 𝑘𝑇 − 𝑇𝑝)

+∞
𝑘=0 + 𝑛𝑖

′(𝑡) ∗ ℎ(𝑇𝑝 − 𝑡). 

 

The fact that the pulse ℎ(𝑡) has been replaced by another pulse 𝑔(𝑡) in the signal component 

merely reflects the distortion effect due to the low-pass filter.  
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Let us now determine the characteristics of the noise process 𝑛𝑖
′′(𝑡) = 𝑛𝑖

′(𝑡) ∗ ℎ(𝑇𝑝 − 𝑡) present 

at the matched filter output. 

 

The noise process 𝑛𝑖
′′(𝑡) is not white because of the presence of a low-pass filter. However, 

𝑛𝑖
′′(𝑡) is Gaussian since linear filtering of a Gaussian process produces another Gaussian 

process. 

 

The mean of 𝑛𝑖
′′(𝑡) is computed as follows: 

𝐸{𝑛𝑖
′′(𝑡)} = 𝐸{𝑛𝑖

′(𝑡) ∗ ℎ(𝑇𝑝 − 𝑡)} = 𝐸 {∫ 𝑛𝑖
′(𝜏)

+∞

−∞

⋅ ℎ(𝑇𝑝 + 𝜏 − 𝑡)𝑑𝜏} 

= ∫ 𝐸{𝑛𝑖
′(𝜏) ⋅ ℎ(𝑇𝑝 + 𝜏 − 𝑡)}𝑑𝜏 =

+∞

−∞
∫ 𝐸{𝑛𝑖

′(𝜏)} ⋅ ℎ(𝑇𝑝 + 𝜏 − 𝑡)𝑑𝜏 = 0
+∞

−∞
, as 𝐸{𝑛𝑖

′(𝜏)} = 0. 

 

The variance of 𝑛𝑖
′′(𝑡) is not infinite because 𝑛𝑖

′′(𝑡) is not a white noise process. We thus need 

to evaluate the variance of 𝑛𝑖
′′(𝑡). To do so, one can start with the definition of the variance of 

a random process: 𝜎2 = 𝐸{[𝑛𝑖
′′(𝑡)]2} − [𝐸{𝑛𝑖

′′(𝑡)}]2 = 𝐸{[𝑛𝑖
′′(𝑡)]2} as 𝐸{𝑛𝑖

′′(𝑡)} = 0. 

 

As the term 𝐸{[𝑛𝑖
′′(𝑡)]2} is in fact the value of the autocorrelation function 𝛤𝑛𝑖

′′(𝑡) of 𝑛𝑖
′′(𝑡) at time 

𝑡 = 0 , we have 𝜎2 = 𝛤𝑛𝑖
′′(0). 

ℎ(𝜏) 

𝜏 
0 𝑇𝑝 

ℎ(𝜏 − 𝑡) 

𝜏 
𝑡 𝑡 + 𝑇𝑝 

We have 
𝑔(𝑡) = 0 for 𝑡 < −𝑇𝑝 or 𝑡 > 𝑇𝑝. 

𝑔(𝑡) is maximal for 𝑡 = 0. 
 

ℎ(𝜏) 

𝜏 
0 𝑇𝑝 𝑡 + 𝑇𝑝 

 

𝑡 
 

𝑥(𝜏 − 𝑡) 
𝑔(𝑡) = ∫ ℎ(𝜏)

+∞

−∞
⋅ 𝑥(𝜏 − 𝑡) 𝑑𝜏 

is the area contained in this 
triangle. 
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We also know that 𝛤𝑛𝑖
′′(𝑡) is the inverse Fourier transform of the power spectral density 𝛷𝑛𝑖

′′(𝑓). 

Therefore, we can write 𝜎2 = 𝛤𝑛𝑖
′′(0) = ∫ 𝛷𝑛𝑖

′′(𝑓)𝑑𝑓
+∞

−∞
. 

 

We can now use the expression giving the PSD of a random process at the output of a linear 

filter with a transfer function 𝐻∗(𝑓) ⋅ 𝑒−𝑗2𝜋𝑓𝑇𝑝: 

 𝛷𝑛𝑖
′′(𝑓) = 𝛷𝑛𝑖

′(𝑓) ⋅ |𝐻∗(𝑓) ⋅ 𝑒−𝑗2𝜋𝑓𝑇𝑝|
2
= 𝛷𝑛𝑖

′(𝑓) ⋅ |𝐻(𝑓)|2 =
𝑁0

4
⋅ 𝐺(𝑓). 

 

We thus have 𝜎2 = ∫ 𝛷𝑛𝑖
′′(𝑓)𝑑𝑓 =

𝑁0

4
⋅ ∫ 𝐺(𝑓)𝑑𝑓

+∞

−∞

+∞

−∞
. 

 

As 𝐺(𝑓) is the Fourier transform of 𝑔(𝑡), it is easy to show that the term ∫ 𝐺(𝑓)𝑑𝑓
+∞

−∞
 is simply 

the value of 𝑔(𝑡) at time 𝑡 = 0: 𝑔(0) = ∫ 𝐺(𝑓)𝑑𝑓
+∞

−∞
. 

 

This finally leads to the expression 𝜎2 =
𝑁0

4
⋅ 𝑔(0) =

𝑁0𝐸ℎ

4
, where 𝐸ℎ designates the energy of the 

pulse ℎ(𝑡). 

 

• Expression of the quadrature baseband signal 𝒎𝒒
′ (𝒕) 

 

 

 

 

 

 

 

 

 

 

cos(2𝜋𝑓0𝑡) 

Base-band signal 𝑚𝑖
′(𝑡) 

𝑟(𝑡) 

Matched filter 
(low-pass) 

Matched filter 
(low-pass) 

Base-band signal 𝑚𝑞
′ (𝑡)  

cos ቀ2𝜋𝑓0𝑡 +
𝜋

2
ቁ 
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Like its in-phase counterpart, the signal present at the quadrature mixer output goes through a 

low-pass matched filter with an impulse response ℎ(𝑇𝑝 − 𝑡) and a transfer function 𝐻∗(𝑓) ⋅

𝑒−𝑗2𝜋𝑓𝑇𝑝. 

 

By using the same derivation as above, we obtain the expression of the base-band signal 𝑚𝑞
′ (𝑡): 

     𝑚𝑞
′ (𝑡) = ∑

𝐵𝑘

2
⋅ 𝑔(𝑡 − 𝑘𝑇 − 𝑇𝑝)

+∞
𝑘=0 + 𝑛𝑞

′′(𝑡), 

where 𝑛𝑞
′′(𝑡) is a zero-mean Gaussian noise process with a variance 𝜎2 =

𝑁0𝐸ℎ

4
. 

 

• Expression of the complex baseband signal 𝒎′(𝒕) = 𝒎𝒊
′(𝒕) +  𝒋𝒎𝒒

′ (𝒕) 

 

It is possible to combine 𝑚𝑖
′(𝑡) and 𝑚𝑞

′ (𝑡) into a single complex baseband signal 𝑚′(𝑡) whose 

expression is 

𝑚′(𝑡) = 𝑚𝑖
′(𝑡) +  𝑗𝑚𝑞

′ (𝑡) = ∑  
1

2
𝐶𝑘𝑔(𝑡 − 𝑘𝑇 − 𝑇𝑝)

+∞
𝑘=0 + 𝑛′′(𝑡). 

where 𝐶𝑘 = 𝐴𝑘 + 𝑗𝐵𝑘 is the complex symbol transmitted at time 𝑘𝑇 and 𝑛′′(𝑡) = 𝑛𝑖
′′(𝑡) +  𝑗𝑛𝑞

′′(𝑡) 

designates a complex zero-mean Gaussian noise process with a variance 2𝜎2 =
𝑁0𝐸ℎ

2
, meaning 

that the variances of 𝑛𝑖
′′(𝑡) and 𝑛𝑞

′′(𝑡) are both given by 𝜎2 =
𝑁0𝐸ℎ

4
. 

 

The noise processes 𝑛𝑖
′′(𝑡) and 𝑛𝑞

′′(𝑡) are independent. 

 

From now on, we are going to adopt this notation as it is not only very elegant but also allows 

us to jointly process both in-phase and quadrature components. 

 

• Sampling of the complex baseband signal 𝒎′(𝒕) 

 

The complex baseband signal 𝑚′(𝑡) is then sampled at times 𝑡 = 𝑝𝑇 + 𝑇𝑝, where 𝑝 designates 

an integer. By doing so, we can obtain an estimate 𝐶𝑝
′ = 𝐴𝑝

′ + 𝑗𝐵𝑝
′  of the complex symbol 𝐶𝑝 =

𝐴𝑝 + 𝑗𝐵𝑝 that was transmitted at time 𝑡 = 𝑝𝑇. 
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By sampling 𝑚′(𝑡) at time 𝑡 = 𝑝𝑇 + 𝑇𝑝, we obtain a sample 𝐶𝑝
′  which is expressed as follows: 

𝐶𝑝
′ = 𝑚′(𝑝𝑇 + 𝑇𝑝) = ∑  

1

2
𝐶𝑘𝑔((𝑝 − 𝑘)𝑇)

+∞
𝑘=0 + 𝑛𝑝, 

where 𝑛𝑝 = 𝑛
′′(𝑝𝑇 + 𝑇𝑝) designates a complex zero-mean Gaussian noise sample with a 

variance 2𝜎2 =
𝑁0𝐸ℎ

2
. 

 

To better understand this equation, let us develop it: 

𝐶𝑝
′ = ⋯+

𝐶𝑝−2

2
𝑔(2𝑇) +

𝐶𝑝−1

2
𝑔(𝑇) +

𝐶𝑝

2
𝑔(0) +

𝐶𝑝+1

2
𝑔(−𝑇) +

𝐶𝑝+2

2
𝑔(−2𝑇) + ⋯+ 𝑛𝑝, 

 

This equation indicates that a sample 𝐶𝑝
′  depends on several consecutive transmitted symbols 

…𝐶𝑝−2, 𝐶𝑝−1, 𝐶𝑝, 𝐶𝑝+1, 𝐶𝑝+2…. In fact, this dependency extends over a limited number of symbols 

because we have 𝑔(𝑡) = 0 for 𝑡 < −𝑇𝑝 and 𝑡 > 𝑇𝑝. 

 

For instance, if the pulse duration 𝑇𝑝 is greater than the symbol duration 𝑇, but less than 2𝑇, 

i.e., is such that 𝑇 < 𝑇𝑝 < 2𝑇𝑝, we can then write 𝐶𝑝
′ =

𝐶𝑝−1

2
𝑔(𝑇) +

𝐶𝑝

2
𝑔(0) +

𝐶𝑝+1

2
𝑔(−𝑇) + 𝑛𝑝. 

 

In any case, we can see that the sample 𝐶𝑝
′   does not only depend on the symbol 𝐶𝑝, but also 

on other symbols 𝐶𝑘, 𝑘 ≠ 𝑝. The presence of such inter-symbol interference (ISI) may lead to 

very severe, and generally unacceptable, degradation of the error performance at the receiver 

output. 

 

In practice, ISI must thus be avoided at any cost. If ISI cannot be avoided, such as in the case 

of frequency-selective fading channels that will be studied later, then it must be cancelled at the 

𝑚𝑖
′(𝑡) 

Sampling at times 

𝑡 = 𝑝𝑇 + 𝑇𝑝 

𝐴𝑝
′  

𝐵𝑝
′  𝑚𝑞

′ (𝑡) 

Sampling at times 

𝑡 = 𝑝𝑇 + 𝑇𝑝 

𝐶𝑝
′  𝑚′(𝑡) 
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receiver side using techniques such as equalization or orthogonal frequency division 

multiplexing (OFDM). 

 

Here, in the case of an AWGN channel, if the pulse 𝑔(𝑡) is carefully chosen so that 𝑔(0) ≠ 0  

and 𝑔((𝑝 − 𝑘)𝑇) = 0 for any 𝑘 ≠ 𝑝, then ISI is completely avoided, and we then obtain 

 𝐶𝑝
′ =

𝐶𝑝

2
𝑔(0) + 𝑛𝑝 =

𝐸ℎ

2
𝐶𝑝 + 𝑛𝑝, 

where 𝐸ℎ = 𝑔(0) designates the energy of the pulse ℎ(𝑡). 

 

• Raised-cosine pulses 

 

The condition 𝑔(0) ≠ 0  and 𝑔((𝑝 − 𝑘)𝑇) = 0 for any 𝑘 ≠ 𝑝 is termed Nyquist criterion. The 

range of pulses 𝑔(𝑡), for which 𝑔(0) ≠ 0  and 𝑔((𝑝 − 𝑘)𝑇) = 0 for any 𝑘 ≠ 𝑝, constitutes a family 

of pulses called raised-cosine pulses. In other words, raised-cosine pulses satisfy the Nyquist 

criterion, and their use guarantees ISI-free transmission in the case of the AWGN channel. 

 

The equation of a raised-cosine pulse is in the form 

𝑔(𝑡) =
1

𝑇
⋅ sinc ቀ

𝜋𝑡

𝑇
ቁ ⋅

cosቀ
𝜋𝛼𝑡

𝑇
ቁ

1−
4𝛼2𝑡2

𝑇2

,   

where the parameter 𝛼, called roll-off factor, can take any value in the range from 0 to 1. This 

is the system parameter that was introduced earlier. 

 

The Fourier transform of a raised-cosine pulse is in the form 

𝐺(𝑓) =

{
 
 

 
 1 for 𝑓 ≤

1−𝛼

2𝑇

1

2
⋅ [1 + cos (

𝜋𝑇

𝛼
ቀ𝑓 −

1−𝛼

2𝑇
ቁ)] for

1−𝛼

2𝑇
< 𝑓 ≤

1+𝛼

2𝑇

0 for 𝑓 >
1+𝛼

2𝑇

.  

 

This equation shows that the bandwidth of a raised cosine pulse is equal to 
1+𝛼

2𝑇
, and thus ranges 

from 
1

2𝑇
, for 𝛼 = 0, to 

1

𝑇
, for 𝛼 = 1. 
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• Bandwidth of the base-band and modulated signals  

 

In the previous chapter, we saw that the power spectral density (PSD), 𝑀(𝑓), of the base-band 

signal 𝑚(𝑡) is given by the following expression: 

𝑀(𝑓) = 𝐾 ⋅ |𝐻(𝑓)|2, 

where 𝐾 is a constant and 𝐻(𝑓) is the Fourier transform of the pulse ℎ(𝑡) that carries the 

symbols 𝐶𝑘. 

 

We have also seen in this chapter that we have 𝐺(𝑓) = |𝐻(𝑓)|2. Therefore, we can now write 

𝑀(𝑓) = 𝐾 ⋅ 𝐺(𝑓). 

 

This expression clearly shows that the bandwidth 𝐵𝑏𝑏 of 𝑀(𝑓) is equal to that of 𝐺(𝑓): 

𝐵𝑏𝑏 =
1+𝛼

2𝑇
. 

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.1
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fT
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Hence, the bandwidth 𝐵𝑏𝑝 of the modulated signal 𝑠(𝑡) is given by 

𝐵𝑏𝑝 = 2𝐵𝑏𝑏 =
1+𝛼

𝑇
. 

 

The case “𝛼 = 0” is optimal in terms of bandwidth but the corresponding pulse shape is difficult 

to implement. The case “𝛼 = 1” is the simplest to implement, but it requires the largest 

bandwidth. 

 

In any case, we conclude that ISI-free transmission over an AWGN channel requires a 

bandwidth of, at least, 
1

2𝑇
 for the base-band signal and, at least, 

1

𝑇
 for the band-pass (modulated) 

signal. 

 

• Root raised cosine pulses 

 

We can now determine the pulse shape ℎ(𝑡) that should be used to carry the symbols 𝐶𝑘. Since 

we have 𝐺(𝑓) = |𝐻(𝑓)|2, we can simply choose the pulse shape so that its Fourier transform is 

given by 𝐻(𝑓) = √𝐺(𝑓), assuming that 𝐻(𝑓) is a real function. 

 

Therefore, the pulse ℎ(𝑡) should be designed so that 𝐻(𝑓) is the square-root of the Fourier 

transform of a raised-cosine pulse. A lengthy derivation would lead us to the following 

expression of ℎ(𝑡): 

ℎ(𝑡) =
1

√𝑇
⋅
sinቀ𝜋(1−𝛼)

𝑡

𝑇
ቁ+4𝛼

𝑡

𝑇
⋅cosቀ𝜋(1+𝛼)

𝑡

𝑇
ቁ

𝜋
𝑡

𝑇
⋅(1−4𝛼2ቀ

𝑡

𝑇
ቁ
2
)

. 

 

The corresponding pulse is shown below for five different values of the roll-off factor 𝛼. We now 

know what pulse shapes should be used at the transmitter side. 

 

Note that the five pulses are displayed as centered around 𝑡 = 0. In practice, they should of 

course be shifted so that ℎ(𝑡) = 0, ∀𝑡 < 0, in order to make them causal.   
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• AWGN channel model and signal-to-noise ratio 

 

We have seen that the receiver is able to produce an estimate 𝐶𝑝
′  of the complex symbol 𝐶𝑝 that 

was transmitted at time 𝑡 = 𝑝𝑇. Over an AWGN channel, this estimate is given by the equation 

𝐶𝑝
′ =

𝐸ℎ

2
𝐶𝑝 + 𝑛𝑝, 

where 𝐸ℎ designates the energy of the pulse ℎ(𝑡) used to carry symbols 𝐶𝑝 over the physical 

channel, and 𝑛𝑝 denotes a zero-mean complex Gaussian sample with variance 2𝜎2 =
𝑁0𝐸ℎ

2
 . 

 

We can further simplify the expression of 𝐶𝑝
′  by multiplying it by a factor 

2

𝐸ℎ
, which does not 

change anything in practice of course. We now obtain a very simple expression for the estimate 

𝐶𝑝
′  of the complex symbol 𝐶𝑝 that was transmitted at time 𝑡 = 𝑝𝑇: 

𝐶𝑝
′ = 𝐶𝑝 + 𝑛𝑝, 

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8
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 = 0
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where 𝑛𝑝 now denotes a zero-mean complex Gaussian sample with variance 2𝜎2 =

ቀ
2

𝐸ℎ
ቁ
2 𝑁0𝐸ℎ

2
=

2𝑁0

𝐸ℎ
 . 

 

At this stage, we would like to introduce the concept of signal-to-noise ratio (SNR). This metric 

provides a measure of the strength of the received signal with respect to that of the white 

Gaussian noise process. 

 

We have previously seen that the expression of the received signal, i.e., the signal 𝑟(𝑡) available 

at the output of the RF low-noise power amplifier, is 

𝑟(𝑡) = 𝑠(𝑡) + 𝑛(𝑡) = ∑ 𝐴𝑘 ⋅ ℎ(𝑡 − 𝑘𝑇) ⋅
+∞
𝑘=0 cos(2𝜋𝑓0𝑡) − 𝐵𝑘 ⋅ ℎ(𝑡 − 𝑘𝑇) ⋅ sin(2𝜋𝑓0𝑡) + 𝑛(𝑡). 

 

The strength of the signal component in 𝑟(𝑡) is measured by the average energy, 𝐸𝑠, allocated 

to each symbol 𝐶𝑘 = 𝐴𝑘 + 𝑗𝐵𝑘, whereas the strength of the noise component in 𝑟(𝑡) is measured 

by the amplitude of the power spectral density 𝛷𝑛(𝑓) of the noise process 𝑛(𝑡). As we have 

𝛷𝑛(𝑓) =
𝑁0

2
, ∀𝑓, the strength of the noise component can thus simply be measured by the 

parameter 𝑁0. 

 

For now, the signal-to-noise ratio is thus going to be defined as the ratio 
𝐸𝑠

𝑁0
. The latter is referred 

to as the average SNR per symbol. 

 

The average energy, 𝐸𝑠, allocated to each complex symbol 𝐶𝑘 can be computed as follows: 

𝐸𝑠 = 𝐸𝐴𝑘,𝐵𝑘 {∫ (𝐴𝑘ℎ(𝑡 − 𝑘𝑇)cos(2𝜋𝑓0𝑡) − 𝐵𝑘ℎ(𝑡 − 𝑘𝑇)sin(2𝜋𝑓0𝑡))
2
𝑑𝑡

+∞

−∞
}. 

 

By developing this expression, we obtain 

𝐸𝑠 = 𝐸𝐴𝑘,𝐵𝑘{∫ 𝐴𝑘
2ℎ(𝑡 − 𝑘𝑇)2cos2(2𝜋𝑓0𝑡) + 𝐵𝑘

2ℎ(𝑡 − 𝑘𝑇)2sin2(2𝜋𝑓0𝑡) − 2𝐴𝑘𝐵𝑘ℎ(𝑡 −
+∞

−∞

𝑘𝑇)2cos(2𝜋𝑓0𝑡)sin(2𝜋𝑓0𝑡)𝑑𝑡}. 

 

This equation can then be written as 
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𝐸𝑠 = 𝐸𝐴𝑘,𝐵𝑘{𝐴𝑘
2 ∫ ℎ(𝑡 − 𝑘𝑇)2cos2(2𝜋𝑓0𝑡)𝑑𝑡

+∞

−∞
+ 𝐵𝑘

2 ∫ ℎ(𝑡 − 𝑘𝑇)2sin2(2𝜋𝑓0𝑡)𝑑𝑡
+∞

−∞
−

2𝐴𝑘𝐵𝑘 ∫ ℎ(𝑡 − 𝑘𝑇)2cos(2𝜋𝑓0𝑡)sin(2𝜋𝑓0𝑡)𝑑𝑡
+∞

−∞
}, 

which is equivalent to 

𝐸𝑠 = 𝐸𝐴𝑘,𝐵𝑘{𝐴𝑘
2} ∫ ℎ(𝑡 − 𝑘𝑇)2cos2(2𝜋𝑓0𝑡)𝑑𝑡

+∞

−∞
+ 𝐸𝐴𝑘,𝐵𝑘{𝐵𝑘

2} ∫ ℎ(𝑡 − 𝑘𝑇)2sin2(2𝜋𝑓0𝑡)𝑑𝑡
+∞

−∞
−

2𝐸𝐴𝑘,𝐵𝑘{𝐴𝑘𝐵𝑘} ∫ ℎ(𝑡 − 𝑘𝑇)2cos(2𝜋𝑓0𝑡)sin(2𝜋𝑓0𝑡)𝑑𝑡
+∞

−∞
. 

 

By remembering our high school trigonometric expressions, we can then write 

𝐸𝑠 =
1

2
𝐸𝐴𝑘,𝐵𝑘{𝐴𝑘

2 + 𝐵𝑘
2} ∫ ℎ(𝑡 − 𝑘𝑇)2𝑑𝑡

+∞

−∞
+
1

2
𝐸𝐴𝑘,𝐵𝑘{𝐴𝑘

2 − 𝐵𝑘
2} ∫ ℎ(𝑡 − 𝑘𝑇)2cos(4𝜋𝑓0𝑡)𝑑𝑡

+∞

−∞
−

𝐸𝐴𝑘,𝐵𝑘{𝐴𝑘𝐵𝑘} ∫ ℎ(𝑡 − 𝑘𝑇)2sin(4𝜋𝑓0𝑡)𝑑𝑡
+∞

−∞
. 

 

By introducing the parameter 𝛾 defined as 𝛾 = 𝐸𝐴𝑘,𝐵𝑘{𝐴𝑘
2 + 𝐵𝑘

2} = 𝐸𝐶𝑘{|𝐶𝑘|
2} and noticing that 

the term ∫ ℎ(𝑡 − 𝑘𝑇)2𝑑𝑡
+∞

−∞
 is simply the energy, 𝐸ℎ, of a pulse ℎ(𝑡), we can write  

𝐸𝑠 =
𝛾

2
𝐸ℎ +

1

2
𝐸𝐴𝑘,𝐵𝑘{𝐴𝑘

2 − 𝐵𝑘
2} ∫ ℎ(𝑡 − 𝑘𝑇)2cos(4𝜋𝑓0𝑡)𝑑𝑡

+∞

−∞
− 𝐸𝐴𝑘,𝐵𝑘{𝐴𝑘𝐵𝑘} ∫ ℎ(𝑡 −

+∞

−∞

𝑘𝑇)2sin(4𝜋𝑓0𝑡)𝑑𝑡. 

 

Both terms 𝐸𝐴𝑘,𝐵𝑘{𝐴𝑘
2 − 𝐵𝑘

2} ∫ ℎ(𝑡 − 𝑘𝑇)2cos(4𝜋𝑓0𝑡) 𝑑𝑡
+∞

−∞
 and 𝐸𝐴𝑘,𝐵𝑘{𝐴𝑘𝐵𝑘} ∫ ℎ(𝑡 −

+∞

−∞

𝑘𝑇)2sin(4𝜋𝑓0𝑡) 𝑑𝑡 are, generally, equal to zero because, for most constellations used in 

practice, we have 𝐸𝐴𝑘,𝐵𝑘{𝐴𝑘
2 − 𝐵𝑘

2} = 𝐸𝐴𝑘,𝐵𝑘{𝐴𝑘𝐵𝑘} = 0. This statement would ideally have to be 

checked for each individual constellation.  

 

In any case, when this is not true, we can still remember that the sinusoidal waves cos(4𝜋𝑓0𝑡) 

and sin(4𝜋𝑓0𝑡) vary much faster than a pulse ℎ(𝑡 − 𝑘𝑇). Hence, ℎ(𝑡 − 𝑘𝑇) can be considered 

as a constant over the period of these waves and we can then write 

∫ ℎ(𝑡 − 𝑘𝑇)2cos(4𝜋𝑓0𝑡)𝑑𝑡
+∞

−∞
 ~ 0 and ∫ ℎ(𝑡 − 𝑘𝑇)2sin(4𝜋𝑓0𝑡)𝑑𝑡 ~ 0

+∞

−∞
. 

 

We conclude that the average energy allocated to each symbol 𝐶𝑘 is expressed as 𝐸𝑠 =
𝛾

2
𝐸ℎ. 

This result means that the average SNR per symbol is given by 
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𝐸𝑠

𝑁0
=

𝛾

2

𝐸ℎ

𝑁0
. 

 

Finally, over an AWGN channel, the expression of a sample 𝐶𝑝
′  is given by 

𝐶𝑝
′ = 𝐶𝑝 + 𝑛𝑝, 

where 𝐶𝑝 is the corresponding transmitted complex symbol, and 𝑛𝑝 denotes a zero-mean 

complex Gaussian noise sample with variance 2𝜎2 =
2𝑁0

𝐸ℎ
= 𝛾 ቀ

𝐸𝑠

𝑁0
ቁ
−1

. Note that the parameter 

𝛾 = 𝐸𝐶𝑝 {|𝐶𝑝|
2
} can be easily computed for any constellation. 

 

This is an important equation to be remembered. For those who do not like complex numbers, 

they can use the following channel model instead: the expressions of the samples 𝐴𝑝
′  and 𝐵𝑝

′  

are given by   

𝐴𝑝
′ = 𝐴𝑝 + 𝑛𝑝,𝑖, 

𝐵𝑝
′ = 𝐵𝑝 + 𝑛𝑝,𝑞, 

where 𝐴𝑝 and 𝐵𝑝 are the corresponding transmitted symbols, whereas 𝑛𝑝,𝑖 and 𝑛𝑝,𝑞 denote two 

independent zero-mean Gaussian noise samples with variance 𝜎2 =
𝛾

2
ቀ
𝐸𝑠

𝑁0
ቁ
−1

. The parameter 

𝛾 = 𝐸𝐴𝑝,𝐵𝑝{𝐴𝑝
2 + 𝐵𝑝

2} can be easily computed for any constellation. 

 

• Decision block 
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The final task performed by the receiver consists of using the sample 𝐶𝑝
′ = 𝐴𝑝

′ + 𝑗𝐵𝑝
′  in order to 

take a decision regarding the value of the complex symbol 𝐶𝑝 transmitted at time 𝑝𝑇. 

 

Once the most likely value of 𝐶𝑝 has been determined, it is straightforward to recover the 𝑚 bits 

associated with it because the mapping used at the transmitter side is obviously known to the 

receiver. 

 

The decision block evaluates the Euclidean distances between 𝐶𝑝
′  and the 𝑀 possible symbols 

in the constellation, and then decides that the symbol closest to 𝐶𝑝
′  was the transmitted one. 

 

The 𝑚-bit vector associated with this detected symbol is finally generated by the decision block. 

 

This simple process is illustrated in the case of 8-PSK by the example shown below. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Such process, although optimal in terms of symbol detection, sometimes fails to properly detect 

the value of the transmitted symbol, especially when the noise samples 𝑛𝑝,𝑖 and 𝑛𝑝,𝑖 have large 

magnitudes compared to those of the transmitted symbols 𝐴𝑝 and 𝐵𝑝. In other words, 

transmission errors occur from time to time. 

 

The symbol closest to 𝐶𝑝
′  is then 

selected and the corresponding 3-bit 
vector is made available at the 

decision block output.  

111 

110 

011 

010 

000 

001 

101 

100 

The Euclidean distances between 𝐶𝑝
′  

and the eight possible signal points 
(symbols) are computed. 

Sample 𝐶𝑝
′ = 𝐴𝑝

′ + 𝑗𝐵𝑝
′  
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In the next chapter, we are going to introduce the concept of error probability in a digital 

communication system. 
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9. Error Probability at the Receiver Output for AWGN Channels 

 

In the previous chapter, we have demonstrated that, over an AWGN channel, a complex sample 

𝐶𝑝
′  available at the decision block input is given by  

𝐶𝑝
′ = 𝐶𝑝 + 𝑛𝑝, 

where 𝐶𝑝 is the corresponding transmitted complex symbol, and 𝑛𝑝 denotes a zero-mean 

complex Gaussian noise sample with variance 2𝜎2 =
2𝑁0

𝐸ℎ
= 𝛾 ቀ

𝐸𝑠

𝑁0
ቁ
−1

. 

 

The error performance of a digital communications scheme can be assessed by evaluating, via 

calculations or computer simulations, the symbol error probability and/or the bit error probability 

at the receiver output. 

 

Let us first focus our attention on the symbol error probability, 𝑃𝑒𝑠, defined as the probability that 

the decision block chooses the wrong symbol: 

𝑃𝑒𝑠 = Pr{𝐶𝑝̃ ≠ 𝐶𝑝}, 

where 𝐶𝑝̃ is the symbol detected by the decision block and 𝐶𝑝 is the transmitted symbol. 

 

• Expression of the symbol error probability for any modulation scheme 

 

Let us drop the time index 𝑝 since the time is not relevant throughout the following calculations. 

We replace it with an index 𝑖 which indicates a particular symbol in the constellation. 

 

Thus, from now on, we are going to adopt the following notations: 

- 𝐶 = 𝐴 + 𝑗𝐵 is the transmitted complex symbol; 

- 𝐶′ = 𝐴′ + 𝑗𝐵′ = (𝐴 + 𝑛𝑖) + 𝑗(𝐵 + 𝑛𝑞) is the estimate of 𝐶 = 𝐴 + 𝑗𝐵 available at the decision 

block input; 

- 𝐶̃ is the symbol detected by the decision block. In other words, it is the decision taken by this 

decision block regarding the value of 𝐶; 
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- 𝐶𝑖, 𝑖 ∈ {1, 2, … ,𝑀}, is a particular symbol in a constellation composed of 𝑀 signal points.  

 

We start by noticing that 

𝑃𝑒𝑠 = Pr{(𝐶1 transmitted ∩ 𝐶1 not detected)∪(𝐶2 transmitted ∩ 

𝐶2 not detected)∪…∪(𝐶𝑀 transmitted ∩ 𝐶𝑀 not detected)}. 

 

As the 𝑀 events (𝐶𝑖 transmitted ∩ 𝐶𝑖 not detected), 𝑖 ∈ {1, 2, … ,𝑀}, are mutually exclusive as 

they can never occur at the same time, the unions can be written as a sum of probabilities: 

𝑃𝑒𝑠 = ∑ Pr{𝐶𝑖 transmitted ∩ 𝐶𝑖  not detected}
𝑀
𝑖=1 . 

 

At this stage, we are going to use the following assumption which is valid at all signal-to-noise 

ratios (SNRs) of practical interest: when taking an erroneous decision, the decision block 

always chooses a symbol that is a nearest neighbour to the transmitted symbol. 

 

 

 

 

 

 

 

 

 

 

 

 

With this assumption, we can write 

𝑃𝑒𝑠 ~ ∑ Pr{(𝐶𝑖 transmitted ∩ 𝐶𝑖,1 detected) ∪ (𝐶𝑖 transmitted ∩ 𝐶𝑖,2 detected) ∪ ...}
𝑀
𝑖=1 , 

where 𝐶𝑖,𝑗 is the 𝑗-th nearest neighbour of 𝐶𝑖. 

 

Since we have once again to consider the union of events that are mutually exclusive, the 

previous expression can be written as a sum of probabilities: 

𝐴 

𝐵 

Our assumption: If the decision 𝐶̃ = 𝐶2 is 

wrong, then it can only mean that 𝐶 was 

equal to either 𝐶1 or 𝐶3. 

𝐶1 

𝐶′ 

𝐶2 

𝐶3 

𝐶4 

𝐶5 

𝐶6 

𝐶7 

𝐶8 

The symbol 𝐶2 has two nearest-

neighbour signal points: 𝐶1 and 𝐶3. 
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𝑃𝑒𝑠 ~ ∑ ∑ Pr{𝐶𝑖 transmitted ∩ 𝐶𝑗  detected}𝐶𝑗∈𝑆𝑖
𝑀
𝑖=1 , 

where 𝑆𝑖 is the set containing all nearest neighbour symbols of 𝐶𝑖. 

 

Using Bayes’ rule, we obtain 

𝑃𝑒𝑠 ~ ∑ ∑ Pr{𝐶𝑖 → 𝐶𝑗} ⋅ Pr{𝐶𝑖 transmitted}𝐶𝑗∈𝑆𝑖
𝑀
𝑖=1 , 

where Pr{𝐶𝑖 → 𝐶𝑗} denotes the probability to detect 𝐶𝑗 given that 𝐶𝑖 was transmitted. 

 

Since all symbols are transmitted with equal probabilities, we have Pr{𝐶𝑖 transmitted} =
1

𝑀
, 𝑖 ∈

{1, 2, … ,𝑀}, and we can thus write 

𝑃𝑒𝑠 ~ 
1

𝑀
⋅ ∑ ∑ Pr{𝐶𝑖 → 𝐶𝑗}𝐶𝑗∈𝑆𝑖

𝑀
𝑖=1 . 

 

We now need to find an expression for the term Pr{𝐶𝑖 → 𝐶𝑗}. 

 

 

 

 

 

 

 

 

 

 

To simplify the calculations, we can assume, without any loss of generality, that 𝐴𝑖 = 𝐵𝑖 = 0. 

 

 

 

 

 

 

 

𝐶𝑗 = 𝐴𝑗 + 𝑗𝐵𝑗 

𝐶𝑖 = 𝐴𝑖 + 𝑗𝐵𝑖 

𝐶𝑖 area 

𝐶𝑗 area 

If the sample 𝐶′ falls into the 𝐶𝑗 area, the 

decision block decides that 𝐶𝑗 was transmitted. 

Closer to 𝐶𝑗 

Closer to 𝐶𝑖 Boundary 

𝐶𝑗 = 𝐴𝑗 + 𝑗𝐵𝑗 
 

𝐶𝑖 = 0 + 𝑗0 

 

𝑑0
= 𝐴𝑖

𝐶𝑖 area 

 

𝐶𝑗 area 
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The Euclidean distance between 𝐶𝑖 and 𝐶𝑗 is given by 𝑑0 = √𝐴𝑗
2 + 𝐵𝑗

2. Note that the distance 𝑑0 

is often referred to as the minimum distance between symbols in the constellation since 𝐶𝑖 and 

𝐶𝑗 are two nearest neighbour symbols. 

 

The equation of the boundary line between the 𝐶𝑖 area and the 𝐶𝑗 area is given by 

     𝑦 = −(
𝐴𝑗

𝐵𝑗
) ⋅ 𝑥 +

𝑑0
2

2𝐵𝑗
. 

 

If you remember well your high school mathematics, you probably know how to obtain this 

equation. If you do not, then you can derive it by noticing that the boundary line is composed 

by all the points with coordinates (𝑥, 𝑦) that are at equal Euclidean distances from 𝐶𝑖 and 𝐶𝑗. 

Therefore, the coordinates 𝑥 and 𝑦 of these points must be such that the condition 

     (𝑥 − 0)2 + (𝑦 − 0)2 = (𝑥 − 𝐴𝑗)
2
+ (𝑦 − 𝐵𝑗)

2
 

is satisfied. Developing this expression leads to the expression shown above.  

 

The probability Pr{𝐶𝑖  →  𝐶𝑗} is simply the probability that the sample 𝐶′ = 𝐴′ + 𝑗𝐵′ used by the 

decision block falls into the 𝐶𝑗 area, which translates in mathematical terms as  

Pr{𝐶𝑖 → 𝐶𝑗} = Pr {𝐵′ > −(
𝐴𝑗

𝐵𝑗
) ⋅ 𝐴′+

𝑑0
2

2𝐵𝑗
}. 

 

Since we have assumed, for simplicity’s sake, that the transmitted symbol was 𝐶𝑖 = 𝐴𝑖 + 𝑗𝐵𝑖 =

0 + 𝑗0, we can see that 𝐶′ = 𝐴′ + 𝑗𝐵′ = 𝑛𝑖 + 𝑗𝑛𝑞, where 𝑛𝑖 and 𝑛𝑞 are two independent 

Gaussian noise samples with zero-mean and variance 

       𝜎2 =
𝛾

2

𝐸𝑠

𝑁0
. 

 

Thus, we have Pr{𝐶𝑖 → 𝐶𝑗} = Pr {𝑛𝑞 + (
𝐴𝑗

𝐵𝑗
) ⋅ 𝑛𝑖 >

𝑑0
2

2𝐵𝑗
} = Pr {𝑛𝑖,𝑞 >

𝑑0
2

2𝐵𝑗
}. 
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The noise sample 𝑛𝑖,𝑞 = 𝑛𝑞 + (
𝐴𝑗

𝐵𝑗
) ⋅ 𝑛𝑖 is also a Gaussian sample with a mean given by 

𝑚 = 𝐸{𝑛𝑖,𝑞} = 𝐸 {𝑛𝑞 + (
𝐴𝑗

𝐵𝑗
) ⋅ 𝑛𝑖} = 𝐸{𝑛𝑞} + (

𝐴𝑗

𝐵𝑗
) ⋅ 𝐸{𝑛𝑖} = 0 

and a variance equal to  

    𝐸{𝑛𝑖,𝑞
2 } = 𝐸 {𝑛𝑞

2 + 2𝑛𝑞𝑛𝑖 (
𝐴𝑗

𝐵𝑗
) + (

𝐴𝑗

𝐵𝑗
)
2

⋅ 𝑛𝑖
2}. 

 

Developing this expression leads to 

   𝐸{𝑛𝑖,𝑞
2 } = 𝐸{𝑛𝑞

2} + 2 ⋅ (
𝐴𝑗

𝐵𝑗
) ⋅ 𝐸{𝑛𝑞} ⋅ 𝐸{𝑛𝑖}+ (

𝐴𝑗

𝐵𝑗
)
2

⋅ 𝐸{𝑛𝑖
2}, 

which yields 

    𝐸{𝑛𝑖,𝑞
2 } = 𝜎2 + (

𝐴𝑗

𝐵𝑗
)
2

𝜎2 = 𝜎2 ⋅ [1 + (
𝐴𝑗

𝐵𝑗
)
2

] = 𝜎2
𝑑0
2

𝐵𝑗
2. 

 

The probability density function (PDF) of the Gaussian noise sample 𝑛𝑖,𝑞 is given by 

𝑃𝑛𝑖,𝑞(𝑥) =
1

√2𝜋𝜎2
𝑑0
2

𝐵𝑗
2

⋅ 𝑒

−
𝑥2

2𝜎2
𝑑0
2

𝐵𝑗
2

=
𝐵𝑗

√2𝜋𝜎2𝑑0
2
⋅ 𝑒

−
𝐵𝑗
2𝑥2

2𝜎2𝑑0
2
, 

with 𝜎2 =
𝛾

2
ቀ
𝐸𝑠

𝑁0
ቁ
−1

. 

 

By applying a basic property of PDFs which says that Pr{𝑎 < 𝑛𝑖,𝑞 < 𝑏} = ∫ 𝑃𝑛𝑖,𝑞(𝑥)𝑑𝑥
𝑏

𝑎
, it can be 

shown that 

Pr{𝐶𝑖 → 𝐶𝑗} =
𝐵𝑗

√2𝜋𝜎2𝑑0
2
⋅ ∫ 𝑒

−
𝐵𝑗
2𝑥2

2𝜎2𝑑0
2
𝑑𝑥

+∞
𝑑0
2

2𝐵𝑗

. 

 

By introducing the complementary error function defined as erfc(𝑥) =
2

√𝜋
⋅ ∫ 𝑒−𝑢

2+∞

𝑥
𝑑𝑢, and 

performing the change of variable 𝑢 = 𝑥 ⋅ √
𝐵𝑗
2

2𝜎2𝑑0
2, we obtain the expression  
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Pr{𝐶𝑖 → 𝐶𝑗} =
𝐵𝑗

√2𝜋𝜎2𝑑0
2
⋅ √

2𝜎2𝑑0
2

𝐵𝑗
2 ∫ 𝑒−𝑢

2
𝑑𝑢

+∞

𝑑0
2

2𝐵𝑗
√

𝐵𝑗
2

2𝜎2𝑑0
2

=
1

2
⋅ erfc (√

𝑑0
2

8𝜎2
). 

 

A table giving the value of erfc(𝑥) as a function of 𝑥 is shown in the next page. 

 

By using 𝜎2 =
𝛾

2
ቀ
𝐸𝑠

𝑁0
ቁ
−1

, we finally obtain the expression of Pr{𝐶𝑖 → 𝐶𝑗}: 

Pr{𝐶𝑖 → 𝐶𝑗} =
1

2
⋅ erfc (√

𝑑0
2

4𝛾

𝐸𝑠

𝑁0
). 

 

The symbol error probability can then be approximated as 

𝑃𝑒𝑠 ~ 
1

2𝑀
⋅ ∑ ∑ erfc (√

𝑑0
2

4𝛾

𝐸𝑠

𝑁0
)𝐶𝑗∈𝑆𝑖

𝑀
𝑖=1 . 

 

Remarkably, the term erfc (√
𝑑0
2

4𝛾

𝐸𝑠

𝑁0
) does not depend on the actual values of symbols 𝐶𝑖 and 𝐶𝑗, 

but on the Euclidean distance between these symbols. 

 

For all symbols 𝐶𝑗 ∈ 𝑆𝑖 the terms erfc (√
𝑑0
2

4𝛾

𝐸𝑠

𝑁0
) are identical since all these symbols are at the 

same Euclidean distance 𝑑0 from 𝐶𝑖. Therefore, we can write 

𝑃𝑒𝑠 ~ 
1

2𝑀
⋅ ∑ erfc (√

𝑑0
2

4𝛾

𝐸𝑠

𝑁0
) ⋅ ∑ 1𝐶𝑗∈𝑆𝑖

𝑀
𝑖=1 =

1

2𝑀
⋅ ∑ erfc (√

𝑑0
2

4𝛾

𝐸𝑠

𝑁0
) ⋅ 𝑁𝑖

𝑀
𝑖=1 , 

where 𝑁𝑖 is the number of nearest neighbour symbols of 𝐶𝑖. 

 

This expression can be further simplified as follows: 

𝑃𝑒𝑠 ~ 
1

2𝑀
⋅ erfc (√

𝑑0
2

4𝛾

𝐸𝑠

𝑁0
) ⋅ ∑ 𝑁𝑖

𝑀
𝑖=1 , 

since the term erfc (√
𝑑0
2

4𝛾

𝐸𝑠

𝑁0
) does not depend on the symbol 𝐶𝑖 under consideration. 
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If we now define the average number of nearest neighbour symbols in the constellation as 

𝑁̅ =
1

𝑀
⋅ ∑ 𝑁𝑖

𝑀
𝑖=1 , 

we finally obtain    

𝑃𝑒𝑠 ~ 
𝑁̅

2
⋅ erfc (√

𝑑0
2

4𝛾

𝐸𝑠

𝑁0
). 

 

Such expression shows that the symbol error probability depends on several parameters: 

 

• The average number of nearest neighbour symbols in the constellation, 𝑁̅. The lower the 

value of 𝑁̅, the lower the symbol error probability. There is clearly a higher probability of error 

in a constellation where signal points have more neighbours, i.e., in “denser” constellations. 

 

• The ratio 
𝑑0
2

𝛾
, with 𝛾 = 𝐸𝐶{|𝐶|

2}. The higher the value of 
𝑑0
2

𝛾
, the lower the symbol error 

probability. Therefore, for optimal performance in terms of error probability, we should maximise 

the minimal Euclidean distance 𝑑0 between signal points, for a given value of the parameter 𝛾. 

 

• The signal-to-noise ratio (SNR) per symbol, 
𝐸𝑠

𝑁0
. The higher the SNR, the lower the symbol 

error probability. But, increasing the SNR comes at a cost as will be seen later. 

 

In practice, most engineers prefer using another definition of the SNR in which 𝐸𝑠 is replaced 

by 𝐸𝑏, where 𝐸𝑏 is the average energy allocated to the transmission of one bit. The reason is 

that the fundamental unit of information in communication theory is the bit. On the other hand, 

the symbol cannot be considered as the reference when comparing various systems since its 

information content does vary depending on the constellation under consideration. 

 

Since each symbol carries 𝑚 bits, we have 𝐸𝑠 = 𝑚𝐸𝑏, and we can thus write 

𝑃𝑒𝑠 ~ 
𝑁̅

2
⋅ erfc (√

𝑚𝑑0
2

4𝛾

𝐸𝑏

𝑁0
), 
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where 
𝐸𝑏

𝑁0
 designates the SNR per information bit. 

 

We are now going to use this generic expression to determine the expression of 𝑃𝑒𝑠 for the 

various modulation schemes introduced earlier. 

 

• M-state amplitude shift keying (M-ASK) modulation 

 

For these modulation schemes, the symbol 𝐶𝑘 is a real symbol that can take 𝑀 possible values: 

𝐶𝑘 = 𝐴𝑘 ∈ {±1,±3, ±5,… }. By using these conventions, we have 𝑑0
2 = 4, 𝑁̅ =

2⋅(𝑀−1)

𝑀
, and 𝛾 =

𝑀2−1

3
. We can thus write 𝑃𝑒𝑠 ~ 

𝑀−1

𝑀
⋅ erfc (√

3𝑚

𝑀2−1

𝐸𝑏

𝑁0
). 

 

• For 2-ASK, we can write 𝑃𝑒𝑠 ~ 
1

2
⋅ erfc (√

𝐸𝑏

𝑁0
). Note that, in this case, this expression does not 

only provide an approximation, but the exact value of the symbol error probability, i.e., we can 

actually write 𝑃𝑒𝑠 =
1

2
⋅ erfc (√

𝐸𝑏

𝑁0
) for 2-ASK. 

 

 

 

 

 

 

 

• For 4-ASK, we have 𝑃𝑒𝑠 ~ 
3

4
⋅ erfc (√

2

5

𝐸𝑏

𝑁0
).  

 

 

 

 

 

𝐴𝑘 

𝐵𝑘 

𝜂 = 2 bits/sec/Hz 

+3 +1 -1 -3 

+1 -1 

𝜂 = 1 bit/sec/Hz 

𝐴𝑘 

𝐵𝑘 
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• For 8-ASK, we can write 𝑃𝑒𝑠 ~ 
7

8
⋅ erfc (√

1

7

𝐸𝑏

𝑁0
). 

 

 

 

 

 

 

• M-state phase shift keying (M-PSK) modulation 

 

For these modulation schemes, the complex symbol 𝐶𝑘 has a constant modulus, i.e., 𝐶𝑘 can be 

written in the form 𝑒𝑗𝛷𝑘 with 𝛷𝑘 ∈ {0,
2𝜋

𝑀
,
4𝜋

𝑀
, … ,

2𝜋(𝑀−1)

𝑀
}. By using these conventions, we have, 

for 𝑀 > 2, 𝑑0
2 = 4 sin2 ቀ

𝜋

𝑀
ቁ, 𝑁̅ = 2, and 𝛾 = 1. We can thus write 

𝑃𝑒𝑠 ~ erfc (√𝑚 sin
2 ቀ

𝜋

𝑀
ቁ
𝐸𝑏

𝑁0
). 

 

Note that, in the case 𝑀 = 2, we have 𝑁̅ = 1 instead of 𝑁̅ = 2. 

 

• For 2-PSK (also often referred to as BPSK), we can write 𝑃𝑒𝑠 ~ 
1

2
⋅ erfc (√

𝐸𝑏

𝑁0
). 

 

This is identical to the result obtained for 2-ASK. This was expected because 2-ASK is identical 

to 2-ASK. In this case, this expression does not only provide an approximation, but the exact 

value of the symbol error probability, i.e., we can write 

 𝑃𝑒𝑠 =
1

2
⋅ erfc (√

𝐸𝑏

𝑁0
) for BPSK. 

 

 

 

𝐴𝑘 

𝐵𝑘 
𝜂 = 3 bits/sec/Hz 

+7 +5 -7 -5 -3 -1 +1 +3 
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• For 4-PSK (also known as QPSK), we have 𝑃𝑒𝑠 ~ erfc (√
𝐸𝑏

𝑁0
). 

 

 

 

 

 

 

 

 

 

 

 

 

• For 8-PSK, we can write 𝑃𝑒𝑠 ~ erfc (√3 sin2 ቀ
𝜋

8
ቁ
𝐸𝑏

𝑁0
). 

 

 

 

 

𝐴𝑘 

 

𝐵𝑘 

 

𝜂 = 1 bit/sec/Hz 

+1 (𝛷𝑘 = 0) -1 (𝛷𝑘 = 𝜋) 

 

𝐴𝑘 

 

𝐵𝑘 

 

𝜂 = 2 bits/sec/Hz 

+1 (𝛷𝑘 = 0) 

 

+j (𝛷𝑘 =
𝜋

2
) 

 

-1 (𝛷𝑘 = 𝜋) 

 

-j (𝛷𝑘 =
3𝜋

2
) 
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• M-state quadrature amplitude modulation (M-QAM) 

 

For these modulation schemes, the symbol 𝐶𝑘 = 𝐴𝑘 + 𝑗𝐵𝑘 is a complex symbol that can take 𝑀 

possible values, with 𝐴𝑘, 𝐵𝑘 ∈ {±1,±3,±5,… }. By using these conventions, we have 𝑑0
2 = 4, 

𝑁̅ = 4
√𝑀−1

√𝑀
, and 𝛾 =

2(𝑀−1)

3
. We can thus write 

𝑃𝑒𝑠 ~ 2
√𝑀−1

√𝑀
⋅ erfc (√

3𝑚

2(𝑀−1)

𝐸𝑏

𝑁0
). 

 

• For 4-QAM, we can write 𝑃𝑒𝑠 ~ erfc (√
𝐸𝑏

𝑁0
). 

 

This result is identical to that obtained for QPSK, which is not surprising as 4-QAM and QPSK 

are in fact identical modulation schemes. 

 

 

 

 

𝐴𝑘 

 

𝐵𝑘 

 𝜂 = 3 bits/sec/Hz 

+1 (𝛷𝑘 = 0) 

 

+
1

√2
− 𝑗

1

√2
 (𝛷𝑘 =

7𝜋

4
) 

 

+
1

√2
+ 𝑗

1

√2
 (𝛷𝑘 =

𝜋

4
) 

 

+𝑗 (𝛷𝑘 =
𝜋

2
) 

 
−

1

√2
+ 𝑗

1

√2
 (𝛷𝑘 =

3𝜋

4
) 

 

−1 (𝛷𝑘 = 𝜋) 

 

−
1

√2
− 𝑗

1

√2
 (𝛷𝑘 =

5𝜋

4
) 

 
−𝑗 (𝛷𝑘 =

3𝜋

2
) 
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4-QAM is identical to QPSK. Do not be fooled by the 
𝜋

4
 phase difference between both 

constellations, which does not change anything in practice, and the different symbol values, 

which are only a convention anyway. What matters is that the shapes of 4-QAM and QPSK are 

identical. 

 

• For 16-QAM, we have 𝑃𝑒𝑠 ~ 
3

2
⋅ erfc (√

2

5

𝐸𝑏

𝑁0
). 

 

 

 

 

 

 

 

 

 

 

 

• For 64-QAM, we can write 𝑃𝑒𝑠 ~ 
7

4
⋅ erfc (√

1

7

𝐸𝑏

𝑁0
). 

𝐴𝑘 

 

𝐵𝑘 

 

𝜂 = 2 bits/sec/Hz 
+1 + 𝑗 

+1 − 𝑗 
 

−1− 𝑗 
 

−1 + 𝑗 
 

𝐴𝑘 
 

𝐵𝑘 
 

𝜂 = 4 bits/sec/Hz 

−1 − 𝑗 
 

+3+ 3𝑗 
 

+1 + 3𝑗 
 

−1 + 3𝑗 
 

−3+ 3𝑗 
 

−1 + 𝑗 
 

−3 + 𝑗 
 

+1+ 𝑗 
 

+3+ 𝑗 
 

−3 − 𝑗 
 

+1− 𝑗 
 

+3− 𝑗 
 

−3 − 3𝑗 
 

−1− 3𝑗 
 

+1 − 3𝑗 
 

+3 − 3𝑗 
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• Expression of the bit error probability for any modulation scheme 

 

In practice, engineers are often more interested in the bit error probability, 𝑃𝑒𝑏, at the receiver 

output rather than the symbol error probability. After all, the original goal is to transmit 

information bits as reliably as possible. 

 

It is very simple to obtain an expression for 𝑃𝑒𝑏 starting from 

𝑃𝑒𝑏 = Pr{a bit is detected erroneously}. 

 

Using a “trick” of probability theory, we can also write 

𝑃𝑒𝑏 = Pr{(a symbol is detected erroneously) ∩ (a bit is detected erroneously)}, 

which is, according to Bayes’ rule, equivalent to 

  𝑃𝑒𝑏 = Pr{a bit is detected erroneously|a symbol is detected erroneously} ⋅ 𝑃𝑒𝑠, 

𝐴𝑘 
 

𝐵𝑘 
 

𝜂 = 6 bits/sec/Hz 
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where 𝑃𝑒𝑠 = Pr{a symbol is detected erroneously} denotes the symbol error probability. 

 

If the association between bits and symbols is done using Gray mapping, we can write 

Pr{a bit is detected erroneously|a symbol is detected erroneously} =
1

𝑚
, 

which leads to    𝑃𝑒𝑏 ~ 
𝑃𝑒𝑠

𝑚
. 

 

Finally, we obtain the final expression of 𝑃𝑒𝑏 versus 
𝐸𝑏

𝑁0
 for all modulation schemes considered 

throughout these notes: 

 

• BPSK and QPSK: 𝑃𝑒𝑏 =/~ 
1

2
⋅ erfc (√

𝐸𝑏

𝑁0
). 

 

These results indicate that one should use QPSK instead of BPSK as the spectral efficiency is 

then doubled at no cost in terms of error performance. 

 

• 4-ASK and 16-QAM: 𝑃𝑒𝑏  ~ 
3

8
⋅ erfc (√

2

5

𝐸𝑏

𝑁0
). 

 

Once again, my advice is to use 16-QAM instead of 4-ASK for the same reason as above.  

 

• 8-ASK and 64-QAM: 𝑃𝑒𝑏  ~ 
7

24
⋅ erfc (√

1

7

𝐸𝑏

𝑁0
). 

 

One should therefore use 64-QAM instead of 8-ASK for the same reason as above. 

 

• 8-PSK: 𝑃𝑒𝑏 ~ 
1

3
⋅ erfc (√3 sin2 ቀ

𝜋

8
ቁ
𝐸𝑏

𝑁0
). 
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• Power efficiency of digital modulation schemes 

 

It is important to analyse the bit error probability plots properly. One must understand that our 

goal as communication engineers is to design systems that can operate at the lowest possible 

SNR. In fact, minimizing the operating SNR brings with it many benefits such as a longer battery 

life (due to the reduced energy 𝐸𝑏 required to send each bit), lesser health hazards (due to the 

reduced power radiated by the transmit antenna), cheaper electronic components (due to the 

possibility of designing, for instance, low-noise RF amplifiers with higher noise factors), etc.   

 

Communication schemes are generally required to achieve a certain bit error probability at the 

receiver output, e.g., 𝑃𝑒𝑏 = 10−5. The challenge is to reach this target 𝑃𝑒𝑏 using the smallest 
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possible signal-to-noise ratio 
𝐸𝑏

𝑁0
. A system that achieves the target 𝑃𝑒𝑏 at a low SNR is said to 

be power-efficient.   

 

So, how do we compare the error performances, i.e., power efficiencies, of two different 

modulation schemes? 

  

At low bit error probabilities, i.e., at sufficiently high SNRs, the parameter governing the error 

performance of a modulation scheme is (almost) exclusively the argument of the ( )erfc  function. 

The reason is that, as 
𝐸𝑏

𝑁0
→ +∞, the slopes of all 𝑃𝑒𝑏 versus 

𝐸𝑏

𝑁0
 curves become progressively 

vertical. This essentially means that the value of the coefficient in front of the erfc(.) function 

becomes irrelevant as 
𝐸𝑏

𝑁0
→ +∞. 

 

As an illustration, let us compare the error performance of QPSK with that of 16-QAM. To obtain 

the same 𝑃𝑒𝑏 with both modulation schemes, we must have 

 
1

2
⋅ erfc (√ቀ

𝐸𝑏

𝑁0
ቁ
𝑄𝑃𝑆𝐾

) =
3

8
⋅ erfc (√

2

5
ቀ
𝐸𝑏

𝑁0
ቁ
16−𝑄𝐴𝑀

), 

where ቀ
𝐸𝑏

𝑁0
ቁ
𝑄𝑃𝑆𝐾

 and ቀ
𝐸𝑏

𝑁0
ቁ
16−𝑄𝐴𝑀

 designate the SNRs required to obtain this 𝑃𝑒𝑏 value using 

QPSK and 16-QAM, respectively. 

 

Since the desired 𝑃𝑒𝑏 value is assumed to be sufficiently low (< 10−4 − 10−5), the coefficients 

in front of both erfc(.) functions can be ignored, and the equation thus becomes 

erfc (√ቀ
𝐸𝑏

𝑁0
ቁ
𝑄𝑃𝑆𝐾

) ~ erfc (√
2

5
ቀ
𝐸𝑏

𝑁0
ቁ
16−𝑄𝐴𝑀

), 

which leads to ቀ
𝐸𝑏

𝑁0
ቁ
𝑄𝑃𝑆𝐾

 ~ 
2

5
ቀ
𝐸𝑏

𝑁0
ቁ
16−𝑄𝐴𝑀

. 

 

By using decibel notations, we obtain ቀ
𝐸𝑏

𝑁0
ቁ
16−𝑄𝐴𝑀

𝑑𝐵

− ቀ
𝐸𝑏

𝑁0
ቁ
𝑄𝑃𝑆𝐾

𝑑𝐵

= 10 ⋅ log10 ቀ
5

2
ቁ ~ 4 dB. 
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This result indicates that 16-QAM must operate with a SNR that is 10 ⋅ log10 ቀ
5

2
ቁ ~ 4 dB higher 

than that of QPSK in order to achieve the same bit error probability. In this case, we can simply 

say that QPSK is more power-efficient than 16-QAM by 4 dB. 

 

There is however no free lunch: using QPSK rather than 16-QAM allows us to reduce the 

operating SNR by 4 dB, but the spectral efficiency, sometimes also referred to as bandwidth 

efficiency, is then halved (𝜂 = 2 bits/s/Hz for QPSK instead of 𝜂 = 4 bits/s/Hz for 16-QAM).   

 

There is clearly a trade-off between spectral efficiency and power efficiency. Of course, this 

does not come as a surprise for those among you who have heard about Claude E. Shannon 

and his works. If you want to know more about this topic, feel free to read my lecture notes on 

information theory that are available upon request. 

 

In the same way, we could show that QPSK is 10 ⋅ log10(7) ~ 8.45 dB more power-efficient, but 

three times less spectral-efficient, than 64-QAM (𝜂 = 2 bits/s/Hz for QPSK and 𝜂 = 6 bits/s/Hz 

for 64-QAM). 

 

As for 8-PSK, it is approximately 3.6 dB less power-efficient, but one and a half times more 

spectral-efficient, than QPSK (𝜂 = 3 bits/s/Hz for 8-PSK). 

 

Using QAM modulations, we can demonstrate that the SNR increase necessary for 

incrementing the spectral efficiency by 2 bits/sec/Hz without degrading the error probability is 

given by 

10 ⋅ log10 [
4𝑀−1

𝑀−1
⋅
𝑚

𝑚+2
] dB. 

 

We can thus evaluate the SNR gaps between various QAMs at high SNRs: 

- Between QPSK and 16-QAM: ~ 3.98 dB; 

- Between 16-QAM and 64-QAM: ~ 4.47 dB; 

- Between 64-QAM and 256-QAM: ~ 4.82 dB; 

- Between 256-QAM and 1024-QAM: ~ 5.06 dB. 
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For a given spectral efficiency, we can show that an 𝑀-QAM is -10 ⋅ log10 [
2(𝑀−1)

3
𝑠𝑖𝑛2 ቀ

𝜋

𝑀
ቁ] dB 

more power-efficient than its 𝑀-PSK counterpart, thus providing us with the following SNR gap 

values: 

- Between 4-QAM and 4-PSK: 0 dB; 

- Between 16-QAM and 16-PSK: ~ 4.20 dB; 

- Between 64-QAM and 64-PSK: ~ 9.95 dB. 

 

Therefore, my advice is to always use 𝑀-QAM rather than 𝑀-PSK. Note that, in some cases, 

we have no choice as we can only use 𝑀-PSK. This happens, for instance, when the magnitude 

of the transmitted symbols must be constant in order to allow for proper operation of a non-

linear power amplifier at the transmitter output. 

 

Example --------------------------------------------------------------------------------------------------------------- 

Consider the 3-bit/s/Hz constellation, hereafter referred to as (4, 4) constellation, and mapping 

depicted below. 

 

 

 

 

 

 

 

 

 

 

The signal points are positioned symmetrically around the constellation centre in a way that the 

Euclidean distance between any two neighbours is equal to a constant d0 representing the 

minimal distance between signal points in the constellation. 
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(4, 4) constellation: 4 signal 
points on an outer circle + 4 
signal points on an inner circle  
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Is the mapping shown above a Gray mapping? 

 

Show that, for the (4, 4) constellation, we have 3N =  and 
4

33
d2

0
+

= , thus leading to 
















+


0

b
es

N

E

33

3
erfc

2

3
P . 

 

Also show that (4, 4) outperforms 8-PSK by 1.6 dB at high SNR. 

 

The answers to these questions are given below. 

 

No, this is NOT a Gray mapping because we can find several pairs of nearest neighbour signal 

points whose mappings differ by more than one bit. Gray mapping is actually impossible for this 

constellation. 

 

To find the expression of the symbol error probability, we need to determine the value of the 

parameters m (number of bits per constellation signal point) and N  (average number of nearest 

neighbour signal points). We must also determine the expression of the average energy per 

signal point   as a function of 2
0d . 

 

We have m = 3 since there are M = 8 signal points in the (4, 4) constellation. 

 

A close inspection of the constellation indicates that there are four signal points with four 

neighbours as well as four signal points with two neighbours. Thus, we can write 

      
( ) ( )

3
8

816

8

2444
N =

+
=

+
= .  

 

To determine the average energy per signal point  , we need to determine the coordinates of 

each signal point in the (4, 4) constellation as a function of 2
0d . 

 



School of Engineering @ Newcastle University 
---------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------ 
Digital Communication Systems – SLG 

44 

The results are shown below. 

 

 

 

 

 

 

 

 

 

We see that there are four signal points with an energy equal to 
2

d

2

d

2

d 2
0

2

0

2

0 =













+














 and four 

signal points with an energy equal to 
( )

4

d31 2
0

2
+

. Therefore, we can write 

   
( ) ( ) 2

0
2
0

2
0

22
0

22
0 d

4

33
d

8

326
d

8

312

4

d31

8

4

2

d

8

4


+
=

+
=

++
=

+
+= . 

 

The symbol error probability is given by 


















0

b
2
0

es
N

E

4

dm
erfc

2

N
P . Using the results shown 

above, we can finally write 

     
( ) 















+
=
















+




0

b

0

b
es

N

E

33

3
erfc

2

3

N

E

334

43
erfc

2

3
P . 

                

We recall that the symbol error probability for 8-PSK is given by 

      




















 


0

b2
es

N

E

8
sin3erfcP . 

 

(d0/2, d0/2) 

(d0/2, -d0/2) (-d0/2, -d0/2) 

(-d0/2, d0/2) 

((1+30.5)d0/2, 0) (-(1+30.5)d0/2, 0) 

(0, (1+30.5)d0/2) 

(0, -(1+30.5)d0/2) 
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To compare the symbol error performance of 8-PSK with that of (4, 4) at high SNR, we only 

need to focus on the argument of the erfc() function, i.e. use the fact that both constellations 

achieve the same symbol error probability if 

    

( )































 




























+ PSK-80

b2

4,40

b

N

E

8
sin3erfc

N

E

33

3
erfc , 

which yields    

( ) PSK-80

b2

4,40

b

N

E

8
sin3

N

E

33

3

















 













+
. 

 

By using a decibel notation for the SNRs, we obtain 

    

( )















 
−









+











−











8
sin3log10

33

3
log10

N

E

N

E 2

4,40

b

PSK-80

b  

 

     

( )

( ) 














 
+−










−











−
8

sin33log10
N

E

N

E 2

4,40

b

PSK80

b   1.6 dB. 

 

We conclude that (4, 4) is  1.6 dB more power-efficient than 8-PSK at high SNRs. 

 

Example --------------------------------------------------------------------------------------------------------------- 

Consider the 5-bit/s/Hz constellation depicted below. For such constellation, hereafter referred 

to as 32-QAM, the complex symbol Ck = Ak + jBk can take 32 possible values, i.e. Ak and Bk  

{1, 3, 5} without allowing for the four particular symbols Ck = 5  j5 to be generated. 

 

Show that we have 
4

13
N =  and 2

0d5= , thus leading to 















0

b
es

N

E

4

1
erfc

8

13
P . 

 

Also, compare the error performance of 32-QAM with that of 16-QAM at high SNRs, i.e. low 

symbol error probabilities. 
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The answers to these questions are given below. 

 

By inspecting 32-QAM, we can see that there are 

- sixteen signal points with four neighbours, 

- eight signal points with three neighbours, 

- and eight signal points with two neighbours. 

 

On average, the number of nearest neighbour signal points, N , is thus equal to 

    
( ) ( ) ( )

4

13

32

162464

32

2838416
N =

++
=

++
= . 

 

The parameter   is defined as ( ) ( ) 2
k

2
k

B,A
BAE

kk

+= . 

 

By inspecting the 32-QAM constellation, we can see that there are 

- four signal points for which 2= , 

- eight signal points for which 10= , 

- four signal points for which 18= , 

Ak 
 

Bk 
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- eigth signal points for which 26= , 

- and eight signal points for which 34= . 

 

As a result, we can determine the value of   by taking the average of these numbers: 

  
( ) ( ) ( ) ( ) ( )

20
32

27220872808

32

34826818410824
=

++++
=

++++
= . 

 

The symbol error probability is given by 


















0

b
2
0

es
N

E

4

dm
erfc

2

N
P . 

 

Using the results shown above, we can finally write 

      













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



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







0

b

0

b
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N

E

4

1
erfc

8
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N

E
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erfc

24

13
P . 

 

The symbol error probability for 16-QAM is given by 















0

b
es

N

E

5

2
erfc

2

3
P . 

 

To compare the symbol error performance of 32-QAM and 16-QAM at high SNR, we only need 

to focus on the argument in the erfc() function, i.e. use the fact that 

  ( ) ( )QAM-32PQAM-16P eses   if 



















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b
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b

N

E

4

1
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N
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5

2
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which yields     
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b

QAM-160

b
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2


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



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
 . 

 

 

By using a decibel notation for the SNRs, we finally obtain 

      04.2
5

8
log10

N

E

N

E
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b
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
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 dB. 
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This result means that 16-QAM is  2.04 dB more power-efficient than 32-QAM.   

---------------------------------------------------------------------------------------------------------------------------- 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


