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Part 5
Error-Correcting Codes



Rationale of error-correcting coding

Goal: Achieve a target P, using a lower SNR.

107 The coding gain is, generally,

=~ _~— negative at low SNRs.
hY
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Use E,/N,, not E./N, for the x axis

We need to perform a fair comparison between the
uncoded and coded systems.

The bit error probabilities obtained at the receiver
output for both systems must be computed/simulated
under the same conditions.

We must assume that each info bit is given in both
cases the same energy, i.e. the same SNR %

0



Use E,/N,, not E./N, for the x axis

The bit error probabilities obtained with uncoded and

coded systems must be compared at the same SNR
per info bit, %
0

Uncoded system

Info bits =P Channel I—V
Eb Es

N, N,
For a BPSK, AWGN channel, the noise variance is
given by ° = 2,15_5 = &

No Ny



Use E,/N,, not E./N, for the x axis

The bit error probabilities obtained with uncoded and
coded systems must be compared at the same SNR

. ., Ep
per info bift, ==.

| Coded system
Info bits Coded bits
Eb—> Encoder . T Channel I—P
= = R,
NO NO NO
For a BPSK, AWGN channel, the noise variance is
: 2 _ 1 _ 1
now given by o = - 7y



Use E,/N,, not E./N, for the x axis

A fair comparison between uncoded and coded
systems implies that the SNR, % per transmitted
0

bit over the channel is higher for the uncoded
system than for the coded system (because R, < 1).

This puts the coded system at a disadvantage, but
this is the correct way to compare error
performances of uncoded and coded schemes.



Two types of codes

Block codes Convolutional codes

kbit _ E—g— , n-bit o > X
message codeword
M C
No memory from Delay

onhe message to the other

d: info bit at time kT

Message M Xk, Y. coded bits at kT
Codeword C fer K 1

Cod! o p Coding rate R, =~
oding rdre ke =3 R, can be increased using a
Re <1 technique called ‘puncturing

Block and convolutional codes are linear codes.



The big picture (block codes)

Received Decoded ,
Message M Codeword C word R message M

-3 Encoder I—b Channel I—P Decoder I—P
k bits n bits h bits k bits

or n real samples

M = (mo, mq,m,, ...,mk_l)

C = (cg,Cq1,Cay we) Cr_q) Binary vectors
/ / / / /

M = (mO M, My, e, Mp—q )

Binary vector (BSC) or vector
R — (TO;T]_;TZ) -"Ir”l’l—l) _> Of r‘eal SClmp|eS (BPSK, AWGN
channel).



The big picture (block codes)

Coding rate: R, =% (R, <1lsincek <n)

The use of an error-correcting code increases the
bandwidth by a factor Ri = % for a given info bit rate

OR decreases the info bit rate by a factor Ri = % for

Cc

a given bandwidth.

If bandwidth/info bit rate is a critical parameter,
make sure to keep R, as close to the unit as possible.



The big picture (block codes)

The Hamming distance between two binary words C;
and C, is defined as the number of positions at which
these two vectors are different.

Ex:C, =(01101),C, =(11110) = dy(C,,C,) = 3.

Since there are 2* possible messages M, we need to
use a subset of 2X codewords C among the 2" (> 2k)
possible codewords C.



The big picture (block codes)

Our goal is mainly to choose the set of 2% codewords
so that the minimum Hamming distance between
these codewords is maximal (to be demonstrated
later).

Block codes are (almost) always linear codes.

A linear block code is completely defined using a k x
n generator matrix G so that € = M-G.

Each codeword C is obtained by multiplying a message
M by the generator matrix G.



Linear block codes

Ex I n=7'k:4 Hammin d Modulo-2
( ) Hamming code addition:
- O0+0=0
_ _ Co=M
1000110 o m, 0+1=1
G 0100011 5 C,=m, i+§):é
= - +1=
0010111 C3=M; /
= + +
0001101  4_Mor Mt s

(Z5=mo+m1+m2
Co = M + My + My

A linear block code is completely defined by a set of
n linear equations.



Linear block codes

Ex?2:(n=5,k=2)code

) _ Co = Mg
G 10101 N €1 =My
- C2 = Mg
101011 Cy = m

Cq = Mo+ My

Let us have a closer look at this code.



An example: (5, 2) code

M C
S A - C, = (00000)
m, m |cg ¢ €, C3 ¢C4 C,= (01011)
C, = (10101)
O 0|0 O O O O ¢, = (11110)
o 10 1 O 1 1
1 0|1 0 1 O 1
1 111 1 1 1 O
C; ®

/‘ Cl
3
j /
4 0 d,= 4
‘
4
‘CZ



Using the (B, 2) code over a BSC

Assume C, = (00000) is transmitted over a BSC, and
the corresponding channel output is R = (00001),
which indicates that there is a transmission error in
the received binary word.

Can the decoder detect and even correct this error?

Over BSC, the decoder starts by computing the 4
Hamming distances between R and the 4 possible
codewords (which are all known to the receiver):



Using the (B, 2) code over a BSC

The results are d (R, Cy) = 1, dy(R, C;) = 2, di (R, C,) =
2, and dH(R, C3) = b,

The decoder sees that R is not a valid codeword,
which implies that there has been at least one
transmission error.

The decoder must now take a decision regarding the
transmitted codeword. To this end, it uses the
maximum-likelihood (ML) decoding algorithm.



Using the (B, 2) code over a BSC

The decision rule over BSC consists of choosing the
codeword which is at minimum Hamming distance from
R

-~ The decoder chooses C,, and thus selects the right
codeword despite the transmission error.

In this case, the decoder has been able, using ML
decoding, to determine that the 5™ bit in R was

erroneous: it has corrected one error in the received
B5-bit word.

We have M = (00), € = (00000), and M' = (00): Perfect!



Using the (B, 2) code over a BSC

Assume now C,= (00000) is transmitted over a BSC,
and the corresponding channel output is R = (00011),
which indicates that there are now two transmission
errors in the received binary word.

Can the decoder detect and even correct both errors
using the ML decoding algorithm?

Once again, the decoder starts by computing the 4
Hamming distances between R and the 4 possible
codewords:



Using the (B, 2) code over a BSC

The results are d (R, Cp) = 2, d(R, €)= 1,du(R, C,) =
3,and dy(R, C3) = 4.

The decoder sees that R is not a valid codeword, and
thus concludes that there has been at least one
transmission error.

The decoder chooses C;, and thus select the wrong
codeword this time
- The decoder has NOT been able to correct both

errors in the received 5-bit word.



Using the (B, 2) code over a BSC

So, we have M = (00), € = (00000), and M' = (01).

As M is not identical to M', we conclude that the
decoder has failed to do its job properly.

We could show that, over the BSC, our (5, 2) code can
correct up to one error in a received 5-bit word.




Error-correction power of a code

Consider a code for which the minimal Hamming
distance between any pair of codewords is d,;,.

C d.. . C;
o < min > o 0j€f0,..,2F—1)i%]

Over a BSC, the maximum number of errors that can
be corrected in a received n-bit word R is the error-
correction power t computed as

t = Int (d””""_l)
n_).




Error-correction power of a code

Ex: dpin =2 2t=0,d,,;;, =3 >t =1,
dmin=4_)t=1/dmin=5_)t=2/
dmin=6_)t=2!dmin=7_)t=3!
dmin=8 _)t=3!dmin=9 >t=4..

Clearly, over a BSC, increasing the minimum distance
d..;, between codewords, results in a better error
correction capability.

Will this also be true if the code is used over a
BPSK, AWGN channel?



Examples of linear block codes

Ex 1: Repetition code
nodd, k=1,6=[1 .. 1]

C = (Co, C1,C9, ""C‘I’l—l) WlTh
Co = €1 = C2 = =1 = My

n—1
dmin =n =t :—2

Low coding rate since R, = % ®



Examples of linear block codes

(3, 1) repetition code
Two possible codewords €, = (000) and C; = (111),

Re=1 dpmn=3>t=1

(5, 1) repetition code
Two possible codewords €, = (00000) and C; =

(11111), Re ==, dppin =5 >t = 2.

(7, 1) repetition code
Two possible codewords €, = (0000000) and C; =
(1111111), R, = 2, dypin =7 > t = 3.



Examples of linear block codes

Ex 2: Parity-check code

The number of 1s in any

.
n=k+1,6 =]l codeword must be even.

! 1.
CO — mo, Cl — ml, ey Ck—l — mk—l: CTl = mO -|— ml -|— con _|_
M1

d,in, =2 —t=0-> Not able to correct errors. Just
able to detect one error in a word of n bits.

High coding rate since R, = ﬁ ©



Examples of linear block codes

(3, 2) Parity-check code
G — [1 0 1
0 1 1

Co =Mp, Cp =My, C =My + My

Four possible codewords C, = (000), ¢; = (011), C, =
(101), C3 = (110), R; == ~ 0.67, dpyyn = 2 > t = 0.

The number of 1s in any codeword must be even.



Examples of linear block codes

(4, 3) Parity-check code
(1001

G =1]0101
10011.-

Co =My, € = My, C; =My, C3 = My + My +M;

Eight possible codewords C, = (0000), ¢; = (0011),
¢, =(0101), C; =(0110), C, = (1001), Cs = (1010),

Cs =(1100), C; = (1111), R, === 0.75, dypin = 2 =
t=0.

The number of 1s in any codeword must be even.



Examples of linear block codes

C

Ex 3: (7, 4) Hamming code
M

O — — O — O O —
— = O O O O — —
— O O — — O O —
O — O — O — O —
OO — — OO — —
O O O O — — —
S
O — O — O — O —
O O — — OO — —
O O O O — — —
U
O — — O — O O —
O O — — —« — OO
O — — OO — — O
O — O — O — O —
O O — — OO — «—
O O O O — — — —
O OO OO0 O OoOOo
O — O — O — O —
OO — — O O — —
O O OO — — —
O OO0 OO OoOOo

3 -ot=1

0.57, dppin

—_— N

R



Minimum Hamming distance of a linear code

How to easily determine the minimum Hamming
distance d,,;,, of a linear block code?

Linear block codes have some interesting properties:

1.The all-zero binary word (C,) is always a valid
codeword.

Demonstration: The all-zero k-bit word M, is
obviously a possible message for any code. By
multiplying M, by any generator matrix G, we obtain
the all-zero codeword: C, = M, G.



Minimum Hamming distance of a linear code

2. The sum of two codewords is another codeword.

Demonstration: By summing two arbitrary messages
M; and M;, i,j € {0, ..., 2% — 1}, we obviously obtain
another possible message M;, | € {0, ..., 2% — 1}.

Therefore, we can write
Cl — MlG — (ML+M])G — MlG —+ M]G — Ci ~+ C]

This property greatly simplifies the search for the
value of d,,;, for any linear block code.



Minimum Hamming distance of a linear code

The Hamming weight of a binary vector is defined as
the number of 1s in this vector.

We can show that the Hamming distance between
two arbitrary codewords is equal to the Hamming
weight of the sum of these codewords:

dH(Ci; Cj) = WH(Ci + Cj) = wy (C),
where wy (-) denotes the Hamming weight of ™"

The sum of two codewords is another codeword



Minimum Hamming distance of a linear code

Thus finding the minimum distance d,,;, between
codewords for a linear block code consists of scanning
all possible codewords in search for the minimum
Hamming weight:

dmin = Min (dH(Cil C])) = Min(WH(Cl)),
Le{1,..,2F -1},

The all-zero codeword C, must NOT be included in this
search as C, is the sum of two identical codewords, and
thus associated with the Hamming distance between
two identical codewords.



Systematic block codes

A block code is said to be systematic if the info
bits are explicitly included in each codeword.

In other words, an n-bit codeword is composed of
the k info bits to which (n — k) coded bits are
appended:

C = (Co, C1,Cy, ---»Cn—l) — (mo, mq, ..., My _1, Cg, ""C‘I’l—l)‘

In this case, the (n — k) coded bits ¢y, ...,c,,_; are
often referred to as parity bits.



Systematic block codes

The generator matrix of a systematic code is a
k x n matrix in the form G = [I.|P], where I is a
k X k identity matrix and P is a k X (n — k) matrix.

Most linear codes used in practice are systematic.
Examples of systematic codes: Hamming codes,

parity-check codes, LDPC codes, recursive and
systematic convolutional codes, turbo codes, etc.



Decoding of error correcting codes

How to decode in an optimal fashion an error-
correcting code?

We want to determine the decoding algorithm that
maximises the probability to successfully recover
the transmitted codeword.

This optimal decoding algorithm is known as
maximum-likelihood (ML) decoding.




ML decoding over BSC (hard-decision decoding)

Let us start with ML decoding over BSC (also known
as hard-decision decoding), by considering the
following initial assumptions:

We have the choice between two different
codewords Ci = (Ci,O'Ci,lJCi,Z' ".’Ci,n_l) and C] =

(Cj,O’ Ci1,Cj2) ) Cj,n—l): with CiCil E{O, 1},
[ £{0,1,2,..,n — 1}.

The received word at the channel output is R =
(T9, 71, T, oy 1), With 17 €{0,1},1 €{0,1, 2, ...,n — 1}.



ML decoding over BSC (hard-decision decoding)

We start by considering the optimal decision rule.

Given the choice between the two codewords (;
and C;, we must take our decision as follows:

If Pr{R,C;} > Pr{R, Cj}, we select C;;
If Pr{R,C;} < Pr{R,C;}, we select C;.

Pr{R, C;} is the probability that the received word
IS R and the transmitted codeword was C;.



ML decoding over BSC (hard-decision decoding)

Pr{R, C;} is the probability that the received word
is R and the transmitted codeword was C;.

Detection theory tells us that this the optimal
decision rule, i.e. the decision rule that will
maximise the probability to successfully recover
the transmitted codeword.

To simplify the analysis, let us from now on focus
on the inequality Pr{R, C;} > Pr{R, C;}.



ML decoding over BSC (hard-decision decoding)

Using Bayes' rule, the inequality
PI'{R, Cl} > PI'{R, C]}
can be written as
Pr{R|C;} - Pr{c} > Pr{R|c;} - Pr{c}},
where Pr{R|C;} and Pr {R ‘Cj}, denote the

probabilities to receive R given the fact that C;
and C;, respectively, were transmitted.

Pr{C;} and Pr{C;} denote the probabilities that C;
and C;, respectively, were transmitted.



ML decoding over BSC (hard-decision decoding)

Since all codewords can be generated with equal
probabilities, we can write
1

Pr{C;} = Pr{C;} = v
and the inequality
Pr{R|C;} - Pr{C;} > Pr {R ‘Cj} : Pr{Cj}
thus becomes
Pr{R|c;} > Pr{R|c;}.

Let us now focus on the term Pr{R|C;}.



ML decoding over BSC (hard-decision decoding)

It is easy to show that
Pr{R[C;} = Pr{("”o Ci,o) N (7"1 Ci,1) AR (Tn—1 Ci,n—l)}z
where the event (rl ‘cu), [ €{0,1,2,..,n—1}, refers to

the reception of a channel sample r; given the
transmission of a coded bit ¢;;.

Given the fact that all events (7 [c;;), 1 €{0,1,2, ..,n —
1}, are independent, we can write

Pr{R‘Ci} = Pr {ro Ci’O} -Pr {rl ‘cm} .. Pr {Tn—1

Ci,n—l}



ML decoding over BSC (hard-decision decoding)

The terms Pr {rl ‘ci’l}, [ €{0,1,2,..,n — 1}, can be equal

to (1 — p) or p, depending on whether r; and c;; are
identical or not.

Recall that the parameter p denotes the bit error
probability over the BSC.

Let d; denote the Hamming distance between the
binary words R and C;.



ML decoding over BSC (hard-decision decoding)

In other words, these two words differ in d;
positions, which also means that they are equal in
(n —d;) positions.

Therefore, it appears that

Pr{R‘Ci} = Pr {ro Ci’o} -Pr {rl ‘cm} .. Pr {Tn—1
can be written as
Pr{R|C;} = p%i(1 — )%,

Ci,n—l}



ML decoding over BSC (hard-decision decoding)

The inequality
can thus finally be written as
pH(1l—p)" % > pY(l-p)"Y,
where d; denote the Hamming distance between
the binary words R and C;.



ML decoding over BSC (hard-decision decoding)

We notice that p%i(1 — p)» % > p%(1 —p)" % is

equivalent to

dd]

nd n+d>1

(1-p)
di—d;
1.e. (L) > 1.
1-p

The term —p is positive but less than the unit because

we always have 0 < p < 0.5 for a BSC.




ML decoding over BSC (hard-decision decoding)

This implies that the inequalit

di—d,
(i) > 1.
1-p

is strictly equivalent to d; —d; <0, i.e. d; < d;.

We conclude that the ML decision rule over BSC is
finally as follows:

If d; < d;, we select C;:

If d; > d;, we select C;.

By extending this rule to the whole set of possible
codewords, we obtain the ML decoding procedure.



ML decoding over BSC (hard-decision decoding)

ML decoding over BSC simply consists of
choosing, among all possible 2% codewords, the
one which is at minimum Hamming distance from
the received word R.

Let us now turn our attention to the issue of

maximum-likelihood decoding over a BPSK,
AWGN channel.

48



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

Let us consider the following initial assumptions.

We have the choice between two different
codewords Ci = (Ci,O'Ci,l'Ci,Z! ...,Ci’n_l) and C] =

(Cj,O’ Ci1,Cj2) ) Cj,n—l)/ with CiCj1 € {—1, + 1},
[ €{0,1,2,..,n — 1}.

The received word at the channel output is R =
(1o, 74,12, -, Th_1). Each channel sample 7,
[ €{0,1,2,..,n— 1}, has a Gaussian distribution.



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

We start by considering the optimal decision rule.

Given the choice between the two codewords (;
and C;, we must take our decision as follows:

If Pr{R,C;} > Pr{R, Cj}, we select C;;
If Pr{R,C;} < Pr{R,C;}, we select C;.

Pr{R, C;} is the probability that the received word
IS R and the transmitted codeword was C;.



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

Pr{R, C;} is the probability that the received word
is R and the transmitted codeword was C;.

In fact, the start of the derivation for the BPSK,
AWGN channel is identical to that already
performed for the BSC.

The difference only begins once we reach the
expression

Pr{R‘Ci} = Pr {ro Ci,n_l}.

Ci,O} -Pr {rl |ci’1} ... Pr {Tn—1




ML decoding over BPSK, AWGN channel
(soft-decision decoding)

A term Pr{r |c;;}, 1 €{0,1,2,...,n — 1}, can be
derived by replacing it with the probability density
function P (rl ‘cu) of a sample 1, given the
translission of a coded bit ¢;;

Pr {rl ci,l} =P (rl ci,l) = - exp (— (le_gczi’l)z)

2O
We thus have

2
Plele) = (77 s e (- 52
o)

2TT



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

This can be written as

n-— Y
Pr{R|C;} = ( . )n exp (— Zl:olg;lz_cl'l) )

Znaz

The inequality
Pr{R‘Ci} > Pr {R ‘Cj}
can be written as

n—-1¢.. . )2 n—-1¢.. . \2
exp <_ 21=0 S;lz Cit) ) > exp (_ 21=0 (27;2 cj) )




ML decoding over BPSK, AWGN channel
(soft-decision decoding)

This inequality is equivalent to
_ 2 _ 2
Z?:ol(""l — Ci,l) < Z?=01(7"l — Cj,l) :

We recognise that the term Y1=5'(r; — Cu)z’ resp.
Yo — cj,l)z, is actually the square of the
Euclidean distance d;, resp. d;, between R and (;,
r‘eSp. C]

This is easy to understand once you remember
your high school mathematics,



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

Consider two points A( ) and B (

dimensional space.

) in the two-

1

The Euclidean distance d,;z between A and B is
defined as

dap = \/(ao — bg)?% + (a; — by)“.

The square of d,z can thus be written as
d,ale = (ag — bo)z + (a; — b1)2 — Z}:O(al — bl)z-



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

Let us extend this reasoning to an n-dimensional space,
where A and B have n coordinates instead of two. It is
then clear that the square of the Euclidean distance
between A and B can be redefined as

d,éle = Z{:ol(al — bl)z-

By analogy, in coding theory, the term Y4 (r — Ci,z)z,

resp. Y=o (1 — cj,l)z, can be seen as the square of the
Euclidean distance d;, resp. d;, between R and C;, resp.

C;.



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

The inequality Y1=5 (1 — ci’l)z < X5 — cj,l)z can thus
be written as
di < d7 or, equivalently, d; <d; .

We conclude that the ML decision rule over BPSK,
AWGN channel is as follows:

If di < d], we SCI@CT Cl,

If d; > d;, we select C;.

By extending this rule o the whole set of possible
codewords, we obtain the ML decoding procedure.



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

ML decoding over BPSK, AWGN channel simply
consists of choosing, among all possible

2% codewords, the one which is at minimum Euclidean
distance from the received word R.

In practice, we do not have to compute any
Euclidean distance to implement ML decoding.
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ML decoding over BPSK, AWGN channel
(soft-decision decoding)

The square of the Euclidean distance between a
codeword C; = (c;,C;i1,Ci 2, > Cin_1) and the received
word R = (1y, 14,73, o) Ty 1) canh be written as

2
_ yn-1 _
= Y5 (n =) = Zi5e rf + X0 ¢ — 2 X150 e,
which is equivalent to
2 _ \n—-1,.2 n-—1
di = X0 1" +n— 2250 11°Ci1.

The first two terms in this expression are identical for
all codewords, i.e. do not depend on the codeword under
consideration.



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

The inequality di < d; can therefore be written as
—-1..2 -1 -1 ..2 -1
lmo 1 tn—2X1 g ncy <XiZor +n— 2% 1Cjy,
which is equivalent to
-1 -1
Q=0 T°Cit > Ui=o T°Cj 1.

Therefore, finding the codeword at minimal distance
from R is equivalent to finding the codeword for
which the term y(R, C;) = X1, ri-¢;; is maximal.

The quantity y(R, C;) actually measures the degree of
correlation between the received word R and a
codeword C;.



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

This result thus means that finding the codeword at
minimal distance from R is strictly equivalent to
finding the codeword which is the most correlated
with R.

To illustrate how ML decoding is implemented over a
BPSK, AWGN channel, let us consider our (5, 2) code
once again.

The four possible codewords are C,= (00000),
¢, = (01011), C, = (10101), and C, = (11110).



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

Since we assume transmission over a BPSK, AWGN
channel, the codewords must be written using the (+1, -
1) notation: Cy= (-1-1-1-1-1),C,=(-1+1-1+1+1),C,=
(+1-1+1-1+1),and C;= (+1 +1 +1 +1 -1),

Assume the codeword C,= (-1 -1-1-1-1) is fransmitted
and the resulting channel output isR=(0.10.50.2 -1.5
-1.0). What is the decoded message?

Before moving on, we can notice that the channel
"believes” that the first three coded bits were all
equal to +1, whereas the last two bits were equal to -1.



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

The channel also indicates the level of confidence it
has in these "beliefs".

For the 15t and 3" coded bits, this level of confidence
is clearly very low because both channel samples are
very close to the border line between +1 and -1.

For the last two bits, the channel is much more
confident about its belief as the last two channel
samples are clearly in negative territory.



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

We could take a hard decision on R before decoding
(by inserting a decision block between channel output
and decoder input).

I't would be a dumb thing to do because we would
instantly lose the info regarding the reliability of the
channel samples, i.e. the level of confidence that the
channel has in its "beliefs"”.

Surely, the decoder would do a better job if being
given all available info.



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

Anyway, if we still insisted to take a hard decision on R
before decoding, we would feed the decoder with the
binary vector R' = (+1+1+1-1-1),ie.R'=(11100).

Although the actual channel is a BPSK, AWGN channel,
the decoder would "see"” a BSC. It would thus be
operating using hard decisions.

The computations of the Hamming distances between R
and the four possible codewords would yield d,(R, Cp) =
3, dH(R, Cl) - 4, dH(R, Cz) - 2, and dH(R, C3) = 1.



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

The decoder would select the codeword which is at
minimum Hamming distance from R and thus decide
that the codeword C, = (11110) was transmitted.

The decoded message would thus be M' = (11).
The decoding process had evidently failed as C, =

(00000), associated with the message M, = (00), was
actually fransmitted.



ML decoding over BPSK, AWGN channel
(soft-decision decoding)

Now, a better way consists of feeding our decoder
directly with the channel samples R =(0.10.50.2 -1.5
-1.0). The decoder is then said to operate from soft
decisions provided by the BPSK, AWGN channel.

The decoder computes the four correlation terms
y(R, C;) = XS ¢yt

v(R,Cy) = —0.1—05—0.2+ 15+ 1.0 = +1.7,
v(R,C;) = —0.1+0.5—-0.2—-15—-1.0=—-2.3,
v(R,C,) = +0.1 — 0.5+ 0.2 + 1.5 — 1.0 = +0.3,
v(R,Cs) = +0.1+ 0.5+ 0.2 — 1.5 + 1.0 = +0.3.




ML decoding over BPSK, AWGN channel
(soft-decision decoding)

As a result, the decoder decides that the codeword C,
= (O0000) was transmitted and the decoded message is

M’ = (00).

The decoding has been successful as the decoder has
been able to recover the right codeword and message.

Our advice: Never discard info. Provide your decision
systems with as much of it as possible. They will thank
you for that by doing a better job.



ML decoding procedure - Summary

a. Compute the distance (Hamming or Euclidean)
between the received word and all codewords.

b. Choose the codeword corresponding to the
minimum distance.

- Can be impractical since there are 2k distances to
compute.

ML decoding provides optimal decoding performance,
but is inherently too complex to implement for
practical codes for which k is often large (long blocks
of info bits).



ML decoding procedure - Summary

When ML decoding is not practical, we must use
other (sub-optimal) decoding algorithms instead.

If the code possesses some structure, it is often
possible to employ a decoding algorithm that
displays near-ML performance, or even ML
performance in some cases.

The best example of this are codes whose operation
can be described using a trellis diagram (mainly
convolutional codes).



ML decoding procedure - Summary

With these codes, we can exploit the trellis
structure in order to devise an ML decoding
algorithm which can actually be implemented in
practice.

This well-known algorithm is called "Viterbi
algorithm" (invented by A Viterbi in 1967), and has
been used for decades in many applications beyond
the field of channel coding.

The Viterbi algorithm can operate both in hard and
soft-decision modes. We will study it later.



ML decoding procedure - Summary

Some practical codes possess very little structure
(e.g., turbo codes, LDPC codes). They are considered
as pseudo-random codes. For these codes, we can
employ an iterative decoding algorithm to achieve a
decoding performance very close to that of the ML
procedure.

Long codes (for which k, n > +x) with very little
structure are particularly important. These pseudo-
random codes are precisely the types of codes that
could be used to reach the channel capacity limit, as
shown by Shannon in 1948.



Pictorial view of a code
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Pictorial view of a code

There are

3 codewords at minimal distance d,;, from C,
4 codewords at (d,;,+1) from Cy;

5 codewords at (d,;,+2) from C,.

C,, C, and C; are nearest neighbours of C,.
We need to understand this pictorial view to

determine the expression of the bit error probability
at the decoder output, for a given block code.



Bit error probability of a coded system

Assume, without loss of generality, that the all-zero
codeword C; is transmitted.

Bit error probability after decoding: P,;, = Pr{m’ #
m}, where m is an info bit and m' is the
corresponding decoded bift.

We can also write P,, = Pr{(m' #mn Cy > C;) U - U
(m'#mnCy - Czk_l)}, where "C, — C;",
ie{1,2,..,2% — 1}, refers to the event where the

decoder selects the codeword C; rather than the
transmitted codeword C,.



Bit error probability of a coded system

It is impossible o find an expression of this
probability as the (2 — 1) events "m' = m n ¢, - C;",
ie{1,2,..,2% — 1}, are NOT mutually exclusive.

We can only determine an upper bound for P,, by using
Boole's inequali’ry also known as the union bound:

22 T1Pr{(m' # mn Cy - C)}.

By using Bayes’ rule, we ob’rain

-
~—
- ~

\s

Only depends on the Hamming /
distance between C, and C.

-
e mm mm ==



Bit error probability of a coded system

Grouping together terms associated with codewords
being at the same distance d from C,, we obtain an
alternative and more useful way of representing this
SUI’\'\

Y2 1pr{m’ % m|Cy - C;). Pr{Cy » C;} = ¥,

Wd
min k ° d-

P4: Probability of decoding a codeword which is at
distance d from Cy;

wy: Total Hamming weight of the messages
associated with the codewords at distance d from C,.



Bit error probability of a coded system

Let us consider an example to better understand
this equation.

Consider our (5, 2) linear block code.

M C
My M| G ¢ € C3 €y
Co= ((8%)3?) 0 0J]0O 0 0 0 O
C-
C, - (10101) O 1]0 1 0 1 1
C, = (11110) 1 0|1 O 1 O 1
1 111 1 1 1 O




Bit error probability of a coded system

For the (b, 2) code we can write
2 1pr{m’ = m|C, - C;}. Pr{Cy - C;}
= Pr{m’ # m|C, - C,}-Pr{C, - C;}
+ Pr{m’' = m|C, - C,}-Pr{Cy, - C,}
+ Pr{m’' = m|C, » C3}-Pr{C, — C5}
= |Pr{m’ # m|Cy — C,} + Pr{m’ = m|Cy — C,}|-Py—3
+ Pr{m’ # m|Cy — C3}-Pyy
with P;_; = Pr{C, — C;} = Pr{C, » C,} and P;_, =
Pr{C, — C3}.




Bit error probability of a coded system

This expression can be written as
>_, Pr{m’' = m|C, - C;}. Pr{C, - C;}

= |Pr{m’ # m|Cy — C;} + Pr{m’ # m|Cy — C,}|-Ps=3
1 1 2

+ Pr{m’ + m|CO — C3}'Pd=4 — [E + E 'Pd=3 + E'Pd=4

i), L2, NTWa,

= | fa=3 15" d=4—;7- d




Bit error probability of a coded system

The expression of the union bound is thus given by
Pep < Zg=dmm%-Pd-

From now on, we are only going to focus on the BPSK,
AWGN channel, and forget about the BSC.

The BPSK, AWGN channel is the standard channel
in info theory and digital communications.

We need to find an expression for the term P; that



Bit error probability of a coded system
Assuming maximum-likelihood decoding, we have
Py = Pr{Co > Cildy(C,, C) = d} = Pr{¥iod(n —

c1)” < It (n = coa)” 1du(Co, C) = d}).
with C; = (Ci,O! Ci1)Ci2y veey Ci,n—l)' and Co =

(CO,O' C0,1, CO,Z' i) CO,Tl—l) — (—1, —1, —1, e —1 )

The vector R = (g, 74,13, ...,T,,—1) denotes the vector
of channel samples.

Since the all-zero codeword was transmitted, we
have = Co, + n; = —1 + n;, [ E{O, 1, 2, e, L — 1}



Bit error probability of a coded system

We can write Z”‘l(n —

Cll) At LN N 2 ¥ i, which is
equivalent to
_ 2
(=) =YX P +n =221y

In the same way, we can show that

_ 2
n=01(7”l - CO,l) =Y tn=2%5 1 Co,l-

The inequality “Z""l(rl C; l) < Yo (= ¢ l) " can
be written as Y- rl i1 > 2o 1Cor, Which is
eqL“VC(IenT to Z =0 rl(cll CO,l) > 0.



Bit error probability of a coded system

We can now make use of the fact that dy(C,, C;) = d
in order to proceed further.

This equation implies that, in codewords C, and C; ,
there are d positions for which ¢,; = —c;; and (h-d)
positions for which cq; = ¢;;.

Therefore, the inequality "Y1 ry(c;; — co;) > 0" can
be written as Y%, ; > 0, which is equivalent to
Z?;()l (—1 + nl) > ( since = Co, +n; = —1 + n;.



Bit error probability of a coded system

The inequality "Y' (=1 + n;) > 0" can be written as
»& . n; > d, which finally leads to the following
expression of the term Py:

P, = Pr{>% n, > d}.
The quantity Y%, n; is the sum of d independent
Gaussian hoise samples. As a result, Y, n; also has a
Gaussian distribution with:
- a mean m, equal to the sum of the means of the d
samples n;.
- and a variance o5 equal to the sum of the variances
of the d samples n;.



Bit error probability of a coded system

The quantity Y&, n; has a Gaussian distribution.
Its mean is given by mg = E{Z?:l nl} — Zgl:l E{Tll} = 0.

I'ts variance is given by

d
65 =YY% 6% =do? =

Es
2(x2) )
where c“ is the variance of a noise sample n; and =
0
denotes the SNR per coded bit.




Bit error probability of a coded system

It is preferable to express o5 as a function of the
SNR per info bit:

Therefore, using the knowledge of the probability
density function for a Gaussian random variable, we
obtain

o 1 (x— 2
P, =Pr{¥L n, >d} = fd+ Fexp (— xzzléd) )dx
2Tlo,4

0 2
P, =— fd+ exp(—x—)dx.

2
Znaé 204




Bit error probability of a coded system

We can perform the following change of variable to
compute this integral more easily:

u = —— and thus dx = du /205.
/20621

We then obtain

/202
d 4+ o .2 1 + oo a2
P, = a e Wdu=—=[a e ™du.

VT

2
2Mog /203 Za?l

This integral does not have a closed-form expression.
So, to proceed further, we now need to introduce the
well-known complementary error function erfc(x).




Bit error probability of a coded system

The complementary error function is defined as
2 t+oo _ .2
erfc(x) = \/—ﬁfx e % du.

This function can be computed using tables, matlab,
excel, etc.

F'”G”Y, we ObTG'h Pd — %erfC( d ) = %erfC( d—22> —

2 20
/Zad d

2
= erfc dd = Zerfc (\/dRC @).
2 —r 2 No
\ 2Re(R2)




Bit error probability of a coded system

We finally obtain the union bound expression:

P,, < Z;fdmin% erfc (\/dRC %)

0

The terms e(d) = % are called the error coefficients.

At sufficiently high SNR (% — +0), the dominant

term in this sum is that corresponding to the smallest
value of d for the code, i.e. the minimal Hamming
distance Ain .



Bit error probability of a coded system

E
P, <e(d,,;n) erfc ( din R, N_b)
\ 0

+ e(dmin + 1)‘erfC

No

Eb
(dmin + 1)Rc ~r
V )

\

+ e(d,, + 3)-erfc

\

+ e(dpin + 2)-erfc( (din + 2)R, _b)



Bit error probability of a coded system

As x = +o , the negative slope of the erfc(x)
function becomes more and more pronounced.

At some point, we can write erfc(x) > erfc(x + Ax),
where Ax > 0 represents an arbitrarily small positive
Increase in x.

E
Thus, as N—b — 400, we have
0

E
Pep < e(dmin)-erfc (\/dmich N_I:)) :




Bit error probability of a coded system

This upper bound on P, is actually so tight in practice
(to be checked) that we can even write

P, ~e(d,,;n) erfc (\/dmich Z’(’)) as —2 — +oo.

No

At SNRs of practical interest (corresponding to
P,,~107* — 1077), this simplification is not always
possible, and the next few terms associated with
Amin + 1, dpmin + 2, dimin + 3, etc, may also have to be
considered.

For now, however, we will assume that the first term
in the union bound provides a tight upper bound on P,,.



Bit error probability of a coded system

Coded system over BPSK, AWGN channel (high SNR):
Pyp ~ e(dmin)'erfc (\/dmich %)

Uncoded BPSK: P,;, = %.erfc (\/%)

At high SNR, the bit error probability P,, is mainly
dependent on the argument inside the erfc(.) function.

At high SNR, the error coefficients e(d,,;,) and 3
have a negligible effect on P,,.



Bit Error Probability

Error performance of uncoded BPSK

1.E+00 ¥

over AWGN channel

1.E-01
1.E-02

1.E-03

1.E-04

1.E-05
1.E-06

1.E-07

1.E-08

—Uncoded BPSK

1.E-09
1.E-10

1.E-11

1.E-12

\

1.E-13
1.E-14

\

1.E-15

\
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The effect of the error coefficient(s) on the
error performance can be considered as negligible at

high SNRs.

1.E+00
1.E-01
1.E-02
1.E-03
1.E-04
1.6-05
1.E-06
1E-07 A\
1.E-08 N

1.E-09
1.E-10 —e—Uncoded BPSK

1E-11 —a -Code, Wdmin/2k = 1/4, dminRc = 1
1E-12 L |——Code, Wdmin/2k = 1/8, dminRc = 1 §
1E-13 —e -Code, Wdmin/2k = 1/16, dminRc =1} W\

1.4 ¢+ W\
1.E-15

Bit Error Probability

5-4-3-2-1012 3 45 6 7 8 9101112131415
E,/N, (dB)
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The effect of the d,,;,R. product on the

error performance is very significant at high SNRs

Bit Error Probability

1.E+00

1E-01 §

1.E-02
1.E-03
1.E-04
1.E-05
1.E-06
1.E-07
1.E-08
1.E-09
1.E-10
1E-11
1.E-12
1.E-13
1.E-14
1.E-15

N\ \\ \ \
NAR
1 \
N\ D
q \\ ]\
"\ \
-| —e—Uncoded BPSK \ \ \
[0
-| —& -Code, Wdmin/2k = 1/2, dminRc = 3/2 \ \ ‘\ \ """""
| —=—Code, Wdmin/2k = 1/2, dminRc = 4/2 \ \ \ \
| —e -Code, Wdmin/2k = 1/2, dminRc = 5/2 \ \:‘ \I
| | | | | | | | | | | | | ¥

5-4-3-2-1012 3 45 6 7 8 9101112131415
E,/N, (dB)
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Bit error probability of a coded system

Comparison between coded and uncoded systems at
high SNR.

If we want to achieve the same error probability with
the coded and uncoded systems, we must have
P,,(uncoded system) = P,,(coded system),

which yields (22 iR (2

NO)uncoded NO)coded

By expressing both SNRs in decibels (dB), we obtain

E E
(N_b> — (N_b> ~ 10 - logo(dminR:) dB.
0 uncoded 0 coded



Bit error probability of a coded system

At high SNR, both P,;, curves are actually "parallel”

since the gap (called asymptotic coding gain) between
Ep
them becomes constant as = — +oo.
0

The coded system provides the same P,;, as uncoded
BPSK with a SNR which is 10 - log,,(d,,in,R.) dB
smaller.

The coding gain at high SNR (asymptotic coding gain)
is thus given by G ~ 10 - log,(dminR:) dB.



:3)

4) Hamming code (d,.;,

=7,k

Example 1: (n

O o « O « O O
— = O O O O v
— O O «—« « O O
O = O « O « O +
O O «~« = O O v
O O O O v v v
— v v v v v v v
O = O « O « O
O O «~« -« O O v
O O O O v v =
= ™= v e v v e e
O v «—« O «—« O O
O O - « - «—= O O
O - =« O O «= « O
O - O «+« O « O
O O «—w « O O v«
O O O O v = v
O O O O O O O O
O « O «+« O «= O
O O «w « O O «~
O O O O v v v
O O O O O O O O

7 codewords at distance d,;,,= 3 from Cy > wy,;, = 12
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Example 1: (n = 7, k = 4) Hamming code (d,;, = 3)

Pap = 12 erfc 12 5 :Eerfc 12 5
2 7 Np 2 7 Np

Asymptotic coding gain G = 2.34 dB.

On the following plots, the error performance (over
AWGN channel) of the coded system is compared
with that of uncoded BPSK.



Example 1: (n = 7, k = 4) Hamming code (d,;, = 3)

The results shown for the coded system are obtained
via computer simulations and also by using the
theoretical equation provided by the 15t term of the
union bound only.

In addition, we display the simulation results achieved
when the decoder is fed with hard decisions rather
than soft decisions. To generate hard decisions, we
insert a decision block between the BPSK, AWGN
channel output and the decoder input in order to
convert the channel samples r = s + n into bits prior to
decoding.



Bit Error Probability

1.E+00
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Example 2: (n = 3, k = 1) repetition code (d,;, = 3)

M C
0 000
1 111

1
P.h = —erfc
eb 5

Eb_
No_

1 codeword at distance d,;;,, = 3
from CO -2 Wdmin — 1

No coding gain over BPSK!

104



Bit Error Probability

1.E+00
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AN
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Example 3: Our (n=5, k = 2) code (d,;,= 3)

C
kd 2 codewords at distance d,;,,= 3 from C,
00| 00000 | 5, -2
01| 01011
10| 10101 _ _
11 | 11110 P~ lerfc 6 B,
2 V5N,

Asymptotic coding gain G = 0.79 dB.
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Bit Error Probability

1.E+00
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—6—Uncoded BPSK

—3-(5, 2) code, soft (simulations)
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/1l
/1
/]

.

—%-(H, 2) code, soft (ub, 1st term)

3 S
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Example 4: (n = 3, k = 2) parity-check code (d,,;,= 2)

M ¢ 2 codewords at distance d,;,= 2 from C,
00 | 000 2 Wymin = 4

01 011 - -

10 101 P.p = erfc \/ﬂi

11 | 110 V3 No |

Asymptotic coding gain G = 1.25 dB.

Parity-check codes can correct transmission errors over
BPSK, AWGN channels, which was not the conclusion we
reached earlier when considering transmission over BSC.
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Bit Error Probability

1.E+00
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Example 5: (n = 4, k = 3) parity-check code (d,;, = 2)

M ¢ 6 codewords at distance d,;,= 2 from C,
000 | 0000 2 Wypin = 9
001 | 0011 - -
010 | 0101 P ~ Serfc J 3Ep
011 | 0110 2 | V2 Ng_
100 | 1001
101 ) 1010 Asymptotic coding gain G = 1.76 dB.
110 | 1100
111 1111

110



Bit Error Probability
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4) parity-check code (d,;,= 2)

5, k=

Example 6: (n

— O O «w O « «—= O
O -« O « O « O
O O v« « O O v«
O O O O v v v
— v v v v v v v
O «—ww O «ww O « O
O O v« « O O «—
O O O O v v v
Aan B e B I 5 T e B o B
O —+ = O « O O
O «— O « O « O
O O v« «= O O v
O O O O v v v v
O O O O O O O O
O «w O « O « O
O O « «= O O v«
O O O O v v v
O O O O O O O O

10 codewords at distance d,;,,= 2 from Cy > wy,,;, = 16
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Example 6: (n = 5, k = 4) parity-check code (d,;,, = 2)

16 erfc §i = 2erfc §i
2)(4 i 5N0_ i 5NO

Asymptotic coding gain G = 2.04 dB.

Fep =

As k — +, 6 > 10.log(2) = 3.01 dB.

However, the error coefficient values are increasing
fast as k - +o0, which implies that this 3-dB
asymptotic coding gain value is almost certainly not
achieved at error probabilities of practical interest.



Bit Error Probability

1.E+00

1.E-01

1.E-02

1.E-03

1.E-04

1.E-05

1.E-06

—6—Uncoded BPSK

—-=-(5, 4) PC code, soft (simulations)
——(5, 4) PC code, hard (simulations)

—%-(5, 4) PC code, soft (ub, 1st term)

NN

7/
/
/

AN
“ \

3 4 5 6 7 8 9

E,/Ng (dB)

114



Conclusions

Soft-decision decoding outperforms hard-decision
decoding by 2 - 3 dB: the more info we give to the
decoder, the better it performs its task.

Excellent match between union bound and simulation
results.

Very simple coding techniques can provide significant
coding gains over uncoded BPSK.

However, we should be more ambitious by considering
more complicated channel codes.



